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Introduction



Born and Markov approximations

1. The Born approzimation. The system—environment coupling is suffi-
ciently weak and the environment is reasonably large such that changes
of the density operator of the environment are negligible and the system—
environment state remains in an approximate product state at all times,
ie.,

At) ~ ps(t) ® pe. (4.6)

with pg approximately constant at all times.

2. The Markov approzimation. “Memory effects” of the environment are
negligible, in the sense that any self-correlations within the environment
created by the coupling to the system decay rapidly compared to the
characteristic timescale over which the state of the system varies notice-
ably.



Critique of the textbook presentation

e These are just words: sufficiently week, reasonably large. Where are
the small or large parameters?

e |f there is interaction, there is entanglement. How could the
environment’s state remain constant?

e Approximate product state, where is the small parameter describing
it?

e What shoud | do if the memory effects are not-so-negligible?

What is the next order in all these approximations?



P, TP, CP, ...

What we have:
ps(t) = Tr. (Ut,OPSe(O) U:,_o)

What we would like to have:

ps(t) = V(t)ps(0)

We would like to have a V/(t) such that it works for any ps.
Positive: maps positive operators to positive operators.
Trace preserving: Trps(0) =1 — Trps(t) = 1.

Hermiticity preserving: ps(0) = ps(0)™ — ps(t) = ps(t)™.
n-positivity: V' is n-positive if V ® I, is positive.

Positivity = 1-positivity

Ns = dimH,

Ns-positivity = complete positivity



. divisibility

V(t,s) = V(t)Vi(s)

If V=1(s) exists for all s > 0: V is divisible.

V(t,0) = V(t)

V(t,0) = V(t,s)V(s,0)

P-divisible: V/(t,s) is positive.

CP-divisible: V/(t,s) is completely positive.

Positivity is a physical requirement.

Complete positivity is not really.

Ideology: if the time evolution operator is CP, we will get positive density

matrices even if our system is entangled with an ancilla. So we should
describe time evolution as a CP map.

Counterargument: it seems that sometimes the time evolution is
non-CP. ..



Nakajima-Zwanzig



Details of the calculation [1]
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After solving the @ part and putting it back to the important P equation:

aPp(t) = aPL(t)G(t,to)Qp(to) + aPL(t)Pp(t) +

+ o / " dsPL(1)G(t, ) QL(s)Pp(s)

to

There is nothing second order in the equation

e If there are no initial correlations, p(ty) = ps(to) ® ps, and we
choose this pg in the P projector — Pp(ty) = p(to) — Qp(to) =0

The initial correlations correspond to an inhomogeneous term in the
time evolution.

L act between the P and Q sectors — PL(t)Pp(t) =0 (we may
have to redefine the bath operators)



PL(t)Pp(t) details
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I'm not sure why this redefinition is allowed.
Somehow [Hg, pg(0)] = 0 is needed.



Born approximation

%pp(t) - /tu dsK (t,s)Pp(s)

K(t,s) = a®PL(t)G(t,s)QL(s)P

G(t,s) = T—exp {a /t ds’QE(s’)]

s

Second order approximation in a — G(t,s) =1

t
5e) = =2 [ Trelb(0) 14 (5).p(2) © o]
Now we see that this is actually second order in «, but now we do not
have to lie that it is because the bath is reasonably large, changes in the
environment are negligible and the system and the bath remains in an
approximate product state.
Back to the book.



Time convolutionless projection

Ka(t) = PL(t)Z1(t)P

1 (t) = /ttdtlQ,C(t)P

Ko(t) = /t dt PL(t)L(1)P

Ops(t ‘
P — 2 [ asTualH(0). 1 (5)opu(6) ]
to
At the level of second order approximation we can simply change p(s) to
p(t).
Question: does (1 — X(t))~! exist? What does it mean, if it does not?

%Pp(t) = 1(t)Qp(to) + K(t)Pp(t)
I(t) = aPL(t)[1-X(t)]1G(t, t)Q

K(t) = aPL(t)1-X(t)]'P
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Beyond the Kraus representation




Kraus operators

pse(0) = ps(0) © pe(0)
ps(t) = Tre (Use psc(0) Uf) = Z (1| Use ps(0) ® Zpy Ul )
= 3 (/B Usel) (0 ULl
= g: My ps(0) M,

M/Lu - <,LL|\/ITUUS€|V>
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Beyond the Kraus representation [2]

If we do not start from a product state:
1
pse(O) = W(Hse+ai0i®ﬂe+5jﬂs®7—j+7ij0i®7j)

,...,N>—1 S SU(N) generators
7 j=1,...,M>—1 € SU(M) generators

where o;, =1

1
,05(0) = Trc pse = N (]Is + Ur')
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Beyond the Kraus...

() = it (8 + i) @ 150+ 8y) ) U
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pD(0) = p2(0)  pV(0) = pP(0)

it does not follow that pM(t) = p{(t)
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Something seems to be linear

ps(t) = T(t)ps(0) + £(2)

D pa(t) = 2 T()pa(0) + (1)
(0) = T()) M (pu(6) — €(1)
0 0 1
e oe() — €00 = (3 T) T O00:le) - £(0)
X = iT) T (1)

57 (ps(t) = £(8)) = X(ps(£) — &(1))
£(t) = Tre (Use(pse(0) — ps(0) @ pe(0)) Uzt

There is always something that evolves linearly, but it is not the ps(t).
What is more, £(t) is non-linear in ps(0).
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Affine maps of density matrices [3]

For quantum systems, linear and affine maps of matrices are shown to
provide equivalent descriptions of evolution of density matrices for a
subsystem.

There may be significant advantage in using affine map. The linear map
is generally not CP, but the linear part of the equivalent affine map can
be chosen CP.
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Initial correlations and linear dynamical maps [4]

Without initial correlation: ps(t) = V/(t)ps(0).
With initial correlation: ps(0) = ps(0) ® p(0) + £(0),

Vg(t)ps(O) = V(t)ps(O) + Ig(t)

We would like to be able to substitute any ps(0) as initial condition.
However this is not possible. For given £(0) and p.(0), the allowed
'physical’ states are:

,PS( ={ps | ps ® pc + & = 0}
The V&(t) can 'absorb’ the affine term in a 'linear way':
W(t)ps(0) = V(t)ps(0) + /ETI‘pS(O)

In this case the main advantage is that the generator of the evolution can
be put in a generalized Lindblad form with time-dependent coefficients.
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Questions?
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Some possible questions

e We got used to separating the initial conditions and the governing
laws. Here it seems that there is an interplay between them.

e Invertibility of T or (1 —X).
e D. Schmid, K. Ried, R. W. Spekkens: Why initial

system-environment correlations do not imply the failure of complete
positivity: A causal perspective [5]
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