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Quartic integral

Toy model for path integral, g ≪ 1 expansion

Z(g) =
1√
2π

∫ ∞

−∞
dx e−

1
2
x2− g

4
x4 ∼

∞∑
n=0

cng
n = 1− 3

4
g +

105

32
g2 − 3465

128
g3 +O(g4)

Asymptotic series

cn =
(−1)nΓ (2n+ 1/2)

Γ(1/2)Γ(n+ 1)
, R = lim

n→∞

∣∣∣∣ cncn+1

∣∣∣∣ = 0

Same coefficients “resurge”

cn ∼ 1√
2π

{
1 · Γ(n)

An
+

3

4

Γ(n− 1)

An−1
+

105

32

Γ(n− 2)

An−2
+

3465

128

Γ(n− 3)

An−3
+ . . .

}
, A = −1

4
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Asymptotic series

Formal power series

φ(x) =

∞∑
n=0

an(x− x0)
n

asymptotic to a function f(x)

f(x) ∼ φ(x), for x→ x0 if ∃CN :

∣∣∣∣∣f(x)−
N∑

n=0

an(x− x0)
n

∣∣∣∣∣ ≤ CN (x− x0)
N+1

Not unique

e−1/x = 0 + 0 · x+ 0 · x2 + . . . ∼ 0, for x→ 0

In physics: Gevrey-order 1

|an| ≤ Kcn(n!)
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Optimal truncation

Truncation at finite order n if x≪ 1 ⇒ polynomial error

Optimal point to truncate

min
n

(n!xn) ⇒ nopt ∼ 1/x ⇒ error ∝ e−1/x
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Borel summation

“Divide out” factorial growth

φ̂(t) ≡ B[φ](t) =
∞∑
n=0

an
n!
tn ⇒ convergent inside R = finite

Analytical continuation ⇒ integration∫ ∞

0
dt e−t/xtn = n!xn+1 (restores factorial)

Laplace-integral

S(φ(x)) = L[φ̂](x) = x−1

∫ ∞

0
dt e−t/xφ̂(t) =

∫ ∞

0
dt e−tφ̂(tx), S = L ◦ B

Finite summability

φ(x) = a0 +

∞∑
n=0

an+1x
n+1, B[φ](t) =

∞∑
n=0

an+1

n!
tn, S(φ(x)) = a0 +

∫ ∞

0
dt e−t/xB[φ](t)
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Euler ODE

ODE

∓f ′(z) + f(z) =
1

z
Homogeneous solutions

fh(z) = ce±z

Asymptotic expansion for z ≫ 1

f(z) ∼ φ(z) =

∞∑
n=0

anz
−n−1, an = (∓1)nn!

Borel-transform has a pole at t0 = ∓1

B[φ](t) =
∞∑
n=0

an
n!
tn =

∞∑
n=0

(∓t)n =
1

1±t
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Alternating factorial

Borel summable

S(φ(z)) =

∫ ∞

0
dt
e−tz

1+t
= ezΓ(0, z) ⇒ f(z) = S(φ(z))︸ ︷︷ ︸

particular

+ cez︸︷︷︸
homogeneous

Re t

Im t

S

(c) Borel-plane (d) Incomplete gamma
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Alternating factorial

Rotating the contoursz → eiθz

t→ e−iθt
: S(φ(eiπz))− S(φ(e−iπz)) = −2πiRest=−1

etz

1 + t
= −2πie−z

Connection formula

e−zΓ(0, eiπz)− e−zΓ(0, e−iπz) = −2πie−z

Re t

Im t

S(φ(e+iπz))

S(φ(e−iπz))

Re t

Im t

S(φ(e+iπz))

−S(φ(e−iπz)) Re t

Im t

Figure 1: Rotated contours
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Non-alternating factorial

Integration hits singularity on the Borel plane

Re t

Im t

S ?
Re t

Im t

S+

S−

S±(φ(z)) =

∫ ∞e±i0

0
dt
e−tz

1−t
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Non-alternating factorial

Imaginary ambiguities appear

S±(φ(z)) =

∫ ∞

0
dt

e−tz

1∓ i0− t
= P.V.

∫ ∞

0
dt

e−tz

1− t
∓ iπ Res t=1

e−tz

1− t

Re t

Im t

S−

S+

Re t

Im t

P.V.

+iπRes

−iπRes

S±(φ) = S(φ)± iπe−z, S(φ) ≡ S+(φ) + S−(φ)

2
= e−zEi(z)
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Non-alternating factorial

Physical solution: lateral Borel resummation of a (ambiguity-free) trans-series

f(z) = S(φ)︸ ︷︷ ︸
particular

+ ce−z︸︷︷︸
homogeneous

= S±(φ+(c∓iπ)e−z) = S±
( ∞∑

n=0

n!xn+1 + (c∓
Stokes︷︸︸︷
iπ )e−z

︸ ︷︷ ︸
trans-series

)

“Ambiguity cancellation”

Imf(z) =�����Im S±(φ)∓���πe−z = 0
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Read

Marcos Marino: An introduction to resurgence in quantum theory [1]
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Perturbation theory

Bender & Wu [2] anharmonic oscillator (m, ℏ = 1):

−1

2

d2ψ

dx2
(x) + V (x)ψ(x) = E(g)ψ(x), V (x) =

1

2
ω2x2 + gx4

Idea: harmonic oscillator ansatz for wavefunctions

ψ(x) = e−
ω
2
x2

∞∑
ℓ=0

uℓ(x)g
ℓ, E =

∞∑
ℓ=0

ϵℓg
ℓ

0th order: Hermite polynomials

u0(x) : ϵ0 = ω

(
ν +

1

2

)
ℓth order:

uℓ(x) =

Kℓ∑
k=0

Ak
ℓx

k, Kℓ ≤ 6ℓ
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Perturbation theory

Recursion (for ground state, ϵ0 =
1
2ω):

A0
ℓ = δℓ,0 Ak

ℓ =
1

2ωk

[
Ak+2

ℓ (k + 2)(k + 1) + 2

ℓ−1∑
ℓ′=1

ϵℓ′A
k
ℓ−ℓ′ − 2Ak−4

ℓ−1

]
, k > 0

ϵℓ = −A2
ℓ

Ground state energy

E0(g) ∼
1

2
+

3g

4
− 21g2

8
+

333g3

16
− 30885g4

128
+

916731g5

256
+O

(
g6
)

For generic potentials, any energy level: BenderWu package [3]
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Extracting large order behaviour numerically

More generic singularity

f(x) ∼ φ(x) =

∞∑
n=0

Γ(n+ α)

AnΓ(α)
xn ⇒ φ̂(t) =

∞∑
n=0

Γ(n+ α)

AnΓ(α)Γ(n+ 1)
tn =

(
1− t

A

)−α

Leading parameters

ξn ≡ nan
an+1

= A− α

n
+O(n−2)

Re t

Im t

t = A
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Extracting large order behaviour

Series acceleration (Richardson extrapolation)

ξ(s+1)
n =

1

s+ 1

(
(n− s)ξ(s)n − (n− 1− 2s)ξ

(s)
n−1

)
, ξ(0)n ≡ ξn

ξn = A+O(n−1), ξ(s)n = A+O(n−s−1)

ξn
(0)=

n an

an+1

ξn
(s=10)

10 20 30 40 50 60

n

-0.35

-0.34

-0.33

-0.32

-0.31

Turns out A = −1/3, α = 1/2 18/66



Padé approximant

Approximating finite Borel transform with a rational function

BN [φ](t) =

N∑
n=0

an
n!
tn

!
=

p0 + p1t+ p2t
2 + . . .+ pN/2t

N/2

1 + q1t+ q2t2 + . . .+ qN/2tN/2
+O(tN+1)

Roots of denominator condense around branchcuts

-1.0 -0.5 0.5 1.0

Re(t)

-1.0

-0.5

0.5

1.0

Im(t)

Figure 2: Roots of the Padé denominator
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Leading behaviour

E0(g) ∼
∞∑
n=0

ang
n

Leading behaviour

an ∼ −
√
6

π3/2
Γ
(
n+ 1

2

)
(−1/3)n

A=−1/3, α=1/2⇒ φ̂(t) ∼ −
√
6

π

1√
1 + 3t

Discontinuity encodes exponentially small correction∫ ∞

0
dt e−t/gDisc φ̂(−t) ∼ 1√

g
e
− 1

3|g| ∝ ImE0(−|g|)

Re t

Im t

θ = ∓π Re t

Im t
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Instanton effect

Potential for g < 0 is V (x) = 1
2x

2 − |g|x4

tunneling

Instanton
1

2
ẋ2−1

2
x2 + |g|x4︸ ︷︷ ︸

inverted potential

= E ⇒ xc(t) =

√
2

|g|
1

cosh(t− t0)
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Instanton effect

The classical action is

Sc = S[xc(t)] =
1

3|g|
Gives non-perturbative contribution in the path integral∫

Dx e−S[x] ∼ perturbative+ e−Sc(. . .)

Infinitely many such multi-instanton contributions!

t = − ℓ
3
, ℓ = 1, 2, 3, . . .
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Reconstructing the exact function

This is Borel summable for g > 0!

Using Padé-Borel (see also Section 4 of [4] and papers by O. Costin & G. Dunne)

PB[φ](t) =
p0 + p1t+ p2t

2 + . . .+ pN/2t
N/2

1 + q1t+ q2t2 + . . .+ qN/2tN/2

We can integrate

S(φ) =

∫ ∞

0
dt e−t/gPB[φ](t)

Typically gives better result than optimal truncation! For N = 180 precise up to ∼ 21

digits

E0(g = 1) = S(φ)|g=1 = 0.803770651234273769354..
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Read

D. Dorigoni: An Introduction to Resurgence, Trans-Series and Alien Calculus

1411.3585 [5]
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Basics

Borel transform

B
( ∞∑

n=0

anx
n+1

)
≡

∞∑
n=0

an
n!
sn, ϕ(x) =

∞∑
n=0

anx
n+1 ⇒ ϕ̂(s) ≡ B (ϕ(x))

We will use

x→ 0 ⇐ z = 1/x, ⇒ z → ∞

Borel-transform multiplicative model → convolutional model

B (ϕ1ϕ2) = B (ϕ1) ∗ B (ϕ2) =

∫ s

0
dt ϕ̂1(s− t)ϕ̂2(t)

Properties

z−α B−→ sα−1

Γ(α)
∂zϕ(z)

B−→ −sϕ̂(s) 26/66



Basics

Directional laplace transform

Lθ(ϕ̂) ≡
∫ ∞eiθ

0
ds e−s/xϕ̂(s), L ≡ Lθ=0

Lateral Borel resummations around a direction

S±
θ (ϕ) ≡ Lθ±0(B(ϕ)), θ ∈ [0, 2π], S± ≡ S±

θ=0
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Trans-series

Encodes non-perturbative corrections of an asymptotic expansion

f(x) ∼ ϕ0(x) + ϕ1(x)e
−ω1/x + ϕ2(x)e

−ω2/x + . . . =

∞∑
k=0

ϕk(x)e
−ωk/x

Double series in x, e−1/x

ωk = k : ⇒ f(x) ∼
∞∑

k,n=0

ϕk,nx
ne−k/x

Could involve also logarithm

x, e−1/x, lnx
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“Weak” resurgence

Physical quantities

f(x) = S± (ambiguity free trans-series) =
∞∑
k=0

S± (ϕ±k (x)) e−ωk/x

Also called Borel-Écalle resummation

Cancellation of ambiguities among imaginary parts

∞∑
k=0

ImS± (ϕ±k (x)) e−ωk/x = 0
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Properties of S±

Linearity

S±
θ (aϕ1 + bϕ2) = aS±

θ (ϕ1) + bS±
θ (ϕ2)

Multiplication

S±
θ (ϕ1ϕ2) = S±

θ (ϕ1)S
±
θ (ϕ2)

Composition with analytic function

S±
θ (f ◦ ϕ) = f(S±

θ (ϕ))
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Properties of S±

Real coefficients

ϕ(x) =

∞∑
n=0

anx
n+1, an ∈ R

For real series S± are conjugate pairs(
S+(ϕ)

)∗
= S−(ϕ) if x ∈ R

Define their “mean”

Φ(x) ≡ S+(ϕ) + S−(ϕ)

2
⇒ [Φ(x)]∗ = Φ(x∗) x ∈ C
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Properties of S±

Non-alternating series

ϕ(x) =

∞∑
n=0

n!xn+1

Principal Value = real part

S+(ϕ) = ReS+(ϕ) + iπe−1/x, x ∈ R

Multiplication property

S+
(
ϕ2
)
=
[
S+ (ϕ)

]2
=
[
ReS+(ϕ)

]2
+ iπe−1/xReS+(ϕ(x))− π2e−2/x

Real part fails to respect multiplication!

ReS+
(
ϕ2
)
=
[
ReS+(ϕ)

]2−π2e−2/x
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Resurgent functions

ϕ(x) =

∞∑
n=0

anx
n+1

Subleading factorial corrections, A,Ak: asymptotic coefficients

an ∼ An! +A0(n− 1)! +A1(n− 2)! +A2(n− 3)! + . . . Ak(n− k)! + . . .

or

an ∼ n!

(
A+

A0

n
+

A1

n(n− 1)
+

A2

n(n− 1)(n− 2)
+ . . .+

Ak

n(n− 1)(n− 2) . . . (n− k)
+ . . .

)
Borel transform → logarithmic cut

ϕ̂(s) ∼ A

1− s
−
(
A0 +A1(s− 1) +

1

2
A2(s− 1)2 + . . .+

Ak

k!
(s− 1)2 + . . .

)
ln(1− s),

33/66



Resurgent functions

Function multiplying the cut:

ϕ̂(s) ∼ A

1− s
− φ̂(s− 1) ln(1− s) + reg(s− 1), φ̂(s) ≡

K∑
k=0

Ak

k!
sk, (1)

Discontinuity of the logarithm and pole at s = ω

1

ω − (s± i0)
= P.V.

1

ω − s
± iπδ(ω − s), ln(ω − (s± i0)) =

ln(ω − s) s < ω

ln |ω − s| ∓ iπ ω ≤ s
,

Discontinuity

Discϕ̂(s) ≡ 1

2πi

(
ϕ̂(s+ i0)− ϕ̂(s− i0)

)
= Aδ(s− 1) + Θ(s− 1)φ̂(s− 1),
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Resurgent functions

Difference of lateral resummations(
S+ − S−)ϕ(x) = 2πi

(
Ae−1/x + e−1/x

∫ ∞

1
ds e−(s−1)/xφ̂(s− 1)

)
= 2πie−1/xL(Aδ(s) + φ̂(s)︸ ︷︷ ︸

∆1ϕ̂(s)

) = e−1/x∆1ϕ(x),

Alien derivative at s = 1

∆1ϕ(x) = 2πi
(
A+A0x+A1x

2 + . . .
)
= 2πi

K∑
k=−1

Akx
k+1
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Multiplying ambiguities

In general

Ak ∝ k!

Their asymptotic looks

Ak ∼ Ãk! + Ã0(k − 1)! + Ã1(k − 2)! + Ã2(k − 3)! + . . . for k → ∞
Borel transform

ϕ̂(s) ∼ A

1− s
−
[

Ã

2− s
− φ̂2(s− 2) ln(2− s)

]
︸ ︷︷ ︸

φ̂1(s−1)

ln(1− s)

where

φ̂2(s) ≡ Ã0 + Ã1s+
1

2
Ã2s

2 + . . .+
Ãk

k!
s2 + . . .
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Multiplying ambiguities

Re s

Im s

s = 1

s = 2

Discontinuities influence each other

ln(2− s) ln(1− s) = (ln |1− s| ∓ iπ) (ln |2− s| ∓ iπ) , s > 2

It gets complicated!

Disc ϕ̂(s) = Aδ(1− s) + Θ(s− 1)

[
P.V.

Ã

2− s
− φ̂2(s− 2) ln |2− s|

]
+

−
[
Ãδ(2− s) + Θ(s− 2)φ̂2(s− 2)

]
ln |1− s|. 37/66



Alien calculus

Endless continuability

Re s

Im s Lθ

ω1

ω2

ω3

ω4

ω5

ω6

Re s

Im s Lθ

ω1

ω2

ω3
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Convolution

Space of singularities closed under convolution

ϕ̂(s) =
1

ω − s
⇒ (1 ∗ ϕ̂)(s) =

∫ s

0
dt ϕ̂(t) ∼ − ln(ω − s)

Convolving singularities

ϕ̂1(s) =
1

ω1 − s
, ϕ̂2(s) =

1

ω2 − s

leads to new singularities

(ϕ̂1 ∗ ϕ̂2)(s) =
1

ω1 + ω2 − s

∫ s

0
dt

(
1

ω1 − t
+

1

ω2 − t

)
∼ − ln(ω1 − s)− ln(ω2 − s)

ω1 + ω2 − s

39/66



Separating singularities

Re s

Im s

•

•

•

θ

ω1

ω2

∆−
ω3

· · ·

S+
θ

S−
θ

Picks up discontinuity after analytic continuation along the path γω

∆−
ω ϕ̂(s) = Aγω︸︷︷︸

residue

δ(s) + φ̂γω(s)︸ ︷︷ ︸
minor

.
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Stokes automorphism

Transforming S−
θ → S+

θ

L−
θ (ϕ̂) = L+

θ (ϕ̂) + e−ω1/xL+
θ

(
∆−

ω1
ϕ̂
)
+ e−ω2/xL+

θ

(
∆−

ω2
ϕ̂
)
+ . . . ,

Set of singularities

Ωθ = {ω1, ω2, ω3, . . .}, |ω1| < |ω2| < |ω3| < . . .

Difference between lateral resummations: Stokes automorphism

S−
θ = S+

θ ◦

⊮+
∑
ω∈Ωθ

e−ω/x∆−
ω


︸ ︷︷ ︸

Sθ
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Properties of Sθ

Relates S±
θ

S−
θ = S+

θ ◦Sθ, S−
θ ◦S−1

θ = S+
θ

Acts on trans-series!

Sθϕ = ϕ+ e−ω1/x∆−
ω1
ϕ+ e−ω1/x∆−

ω2
ϕ+ . . .

Preserves multiplication → automorphism

Sθ (ϕ1ϕ2) = Sθ (ϕ1)Sθ (ϕ2)

Its logarithm

Dθ ≡ logSθ ⇒ Sα
θ = exp (αDθ)

is a derivation!

Dθ(ϕ1ϕ2) = Dθ(ϕ1)ϕ2 + ϕ1Dθ(ϕ2)
42/66



Alien derivatives

Introduce ∆ω alien derivatives

Sθ = exp (Dθ) = exp

∑
ω∈Ωθ

e−ω/x∆ω


They satisfy Leibniz rule

∆ω(ϕ1ϕ2) = ∆ω(ϕ1)ϕ2 + ϕ1∆ω(ϕ2)

We may require

logSθ = log

⊮+
∑
ω∈Ωθ

e−ω/x∆−
ω

 !
=
∑
ω∈Ωθ

e−ω/x∆ω = Dθ
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Relation of ∆ω and ∆−
ω

Order by order in e−ωi/x we compare

∆ω1= ∆−
ω1

∆ω2 = ∆−
ω2

− 1

2

(
∆−

ω1

)2
∆ω3 = ∆−

ω3
− 1

2

(
∆−

ω1
∆−

ω2
+∆−

ω2
∆−

ω1

)
+

1

3

(
∆−

ω1

)3
...

Explicit formula

∆ω =
∑
n

∑
ω1+ω2+...+ωn=ω

(−1)n−1

n
∆−

ω1
∆−

ω2
. . .∆−

ωn

The ∆−
ω fails Leibniz rule

∆−
ω2

(ϕ1ϕ2) = ∆−
ω2

(ϕ1)ϕ2+∆−
ω1

(ϕ1)∆
−
ω1

(ϕ2) + ϕ1∆
−
ω2

(ϕ2) 44/66



Exercise

Convolution of two poles

ϕ̂1(s) =
1

ω1 − s
, ϕ̂2(s) =

1

ω2 − s
, ϕ̂(s) = (ϕ̂1 ∗ ϕ̂2)(s)

Calculate for each

∆ω1 , ∆ω2 , ∆ω1+ω2 , ∆ω1∆ω2 , ∆ω2∆ω2

It turns out

∆ω1+ω2

(
ϕ̂1 ∗ ϕ̂2

)
= 0

despite

ϕ̂(s) ∼ − ln(ω1 − s)− ln(ω2 − s)

ω1 + ω2 − s
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Median resummation

For lateral resummations around θ = 0[
S+(ϕ)

]∗
= S−(ϕ∗) or C ◦ S+ = S− ◦ C

Relationship with Stokes automorphism

S−1 ◦ C = C ◦S ⇒ −∆ω ◦ C = C ◦∆ω

Alien derivative is imaginary

(∆ωϕ)
∗ = −∆ωϕ ∈ iR

[Remember

∆1ϕ(x) = 2πi
(
A+A0x+A1x

2 + . . .
)
]
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Median resummation

Define

Sα = S+ ◦Sα ⇒ C ◦ Sα = S1−α ◦ C

For α = 1/2 we have something real![
S1/2(ϕ)

]∗
= S1/2(ϕ∗)

Median resummation

Smed(ϕ) = S+
(
S1/2ϕ

)
= S−

(
S−1/2ϕ

)
Gives real result for real coefficients and respects multiplication!

Smed(ϕ1ϕ2) = Smed(ϕ1)S
med(ϕ2)
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Bridge equation

Ricatti-type non-linear equation

∂zF (z) + F (z)−F 2(z) = z−1.

We introduce a trans-series parameter c

F (z) ∼ ϕ(z; c) =

∞∑
k=0

ckϕk(z)e
−kz

Normal and alien derivatives commute

[e−kz∆k, ∂c] = 0

Simple way to calculate ∆k: Écalle’s bridge equation (see e.g. Dorigoni [5])

e−kz∆kϕ(z; c) ∝ ∂cϕ(z; c)
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Strong resurgence

In particular

∆1ϕk(z) = −
Stokes constant︷︸︸︷

2πi ·(k + 1)ϕk+1(z)

Stokes automorphism shifts the trans-series parameter

Sαϕ(z; c) ∼
∞∑
k=0

e−kz (c− 2πiα)k ϕk(z)

Median resummation

Smed(ϕ(z; c)) = S+
(
S1/2ϕ(z; c)

)
=

∞∑
k=0

e−kz (c− iπ)k S+ (ϕk(z))

If c = 0, using only the perturbative part we get the exact result!

f(z) = Smed(ϕ0(z))
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Thank you!
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Stokes phenomenon

Airy function, linear potential in QM

ψ′′(x) = xψ(x) ⇒ −k2ψ̃(k) = iψ̃′(k) ⇒ Ai(x) =
1

2π

∫ ∞

−∞
dk e

i
(

k3

3
+kx

)

Asymptotic series as solution for x→ ∞

z ≡ 4

3
x3/2, ψ±(x) =

1

2
√
πx1/4

e±
z
2φ(±z), φ(z) =

∞∑
n=0

anz
−n

Two independent solutions to Airy ODE

Ai(x) ∼ ψ−(x),
1

2
Bi(x) ∼ ψ+(x)
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Stokes phenomenon

Rotating

x→ e±2πi/3x, z → −z ⇒ ψ−(e
±2πi/3x) = e∓iπ/6ψ+(x)

Re x

Im x

θ = +2π
3

θ = −2π
3

Re z

Im z

θ = ±π

Naive expectation fails �

Ai(e±2πi/3x) =
1

2
e∓iπ/6Bi(x) +

∝e−z︷ ︸︸ ︷
i

2
e±iπ/3Ai(x) 59/66



Stokes phenomenon

Borel-transform

an =
Γ(n+ 1/6)Γ(n+ 5/6)

2πΓ(n+ 1)
= {1, 5

72
,

385

10368
, . . .} ⇒ φ̂(t) = 2F1

(
1

6
,
5

6
; 1; t

)
Resurgent structure

an =
1

2π
(a0Γ(n)− a1Γ(n− 1) + a2Γ(n− 2)− a3Γ(n− 3) + . . .)

LO

an ∼ Γ(n)

2π
⇒ φ̂(t) ∼ 1

2π

∞∑
n=1

Γ(n)

Γ(n+ 1)
tn = − 1

2π
ln (1− t)

Re t

Im t

t0 = 1
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Stokes phenomenon

Subleading terms

∞∑
n=k+1

Γ(n− k)

Γ(n+ 1)
tn ∼

∞∑
n=k+1

1

n(n− 1) . . . (n− k)
tn

Differentiating k times

dk

dtk
/ · ( . . . ) =

∞∑
n=k+1

1

(n− k)
tn−k = − ln(1− t)

Singularity structure

k︷ ︸︸ ︷∫
dt . . .

∫
dt [− ln (1− t)] = − 1

k!
(t− 1)k ln (1− t) + regular.
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Stokes phenomenon

Summing up

φ(t) = − 1

2π

∞∑
k=0

(−1)kak
k!

(t− 1)k ln (1− t) + regular.

Function multiplying the cut is the same!

φ(t) = − 1

2π
φ(1− t) ln (1− t) + regular.

Re t

Im t

×φ(−(t − 1))
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Stokes-phenomenon

New notation

Ai(x) ↔ φ(−z) : φ−(z) = φ(−z), φ̂−(t) = φ̂(−t)
Borel summable

Ai(x) =
1

2
√
πx1/4

e−
z(x)
2 S(φ−(z)), x > 0

Connection formula

S(φ−(e
iπz))− S(φ−(e

−iπz)) = ie−zS(φ−(z))

Re t

Im t

×φ(t − (−1)) S(φ−(z))

Re t

Im t

θ = ∓π Re t

Im t
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Stokes phenomenon

Large r → ∞ asymptotics of Airy

x = reiθ : Ai(x) =
1

2π

∫ ∞

−∞
dk e

i
(

k3

3
+kx

)
k=−iq

√
r

=

√
r

2πi

∫ i∞

−i∞
dq e−r3/2S(q)

S(q) = q3

3
− qeiθ

Stationary points

S ′(q∗) = 0 ⇒ q∗ = ±eiθ/2

Steepest descent flow

dq

dτ
= −S ′(q), Im S(q) = const.,

d

dτ
Re S(q) < 0

Flow equations q = u+ iv

u̇ = −u2 + v2 + cos θ, v̇ = 2uv − sin θ.
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Stokes phenomenon

-2 -1 0 1 2
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-2 -1 0 1 2

-2

-1

0

1

2

-2 -1 0 1 2
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-1

0

1

2

Figure 3: Flow for θ = 0, 2π/3− ϵ, 2π/3 + ϵ, π respectively. [4]
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Stokes phenomenon

θ = 0 : Ai(|x|) ∼ 1

2
√
π|x|1/4 e

− 2
3
|x|3/2

θ =
2π

3
: Ai(e2πi/3|x|) = 1

2
√
π|x|1/4

(
e

2
3
|x|3/2−iπ/6+

i

2
e−

2
3
|x|3/2+iπ/3

)
θ = π : Ai(−|x|) ∼ 1

2
√
π|x|1/4

(
e−i( 2

3
|x|3/2−π

4 ) + ei(
2
3
|x|3/2−π

4 )
)
∼ cos

(
2
3 |x|3/2 − π

4

)
√
π|x|1/4
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