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Metrological approach to the emergence of classical objectivity
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We present a precise characterization of the onset of classicality that combines the formalism of quantum
Darwinism with the tools from quantum metrology. We show that the quantum Fisher information provides a
useful metric for assessing the rate at which classical objectivity emerges. Furthermore, our formalism allows us
to explore how the choice of measurement impacts the precision with which an observer can determine the state
of the system. For a paradigmatic example of the spin-star model, we demonstrate that optimal measurements
lead to the emergence of classicality at an exponential rate. Although other measurements necessarily lead
to slower emergence, we importantly show that suboptimal measurements can still saturate the Cramér-Rao
bound. By recasting emergent classicality as an information acquisition protocol, our framework provides a

precise operational description of quantum Darwinism.

I. INTRODUCTION

Quantum Darwinism (QD) provides a framework to ex-
plain how quantum systems, which are inevitably open to
their environment, can exhibit objective properties, a signa-
ture trait of classical systems. As such QD is considered a
first important step in unveiling the quantum-to-classical tran-
sition [1-7]. To date, many aspects of QD have been ex-
plored, including the effects of non-Markovianity [8, 9], non-
commutativity [10, 11], contextuality [12], the role of con-
sensus [13, 14], and the compatibility of measurements [15].
A variety of models have been shown to exhibit the signa-
ture traits of QD including qudit systems [16], Clifford cir-
cuits [17], skyrmionic and antiferromagnetic systems [18] and
other many-body models [19-21]. Furthermore, these effects
have been demonstrated in several recent experiments [22—
26], see Refs. [27, 28] for a full classification.

The framework of QD posits that the emergence of objec-
tivity is a consequence of the interaction between the system
and the surrounding environment (E), assumed to consist of a
large number of constituent subsystems. Due to this interac-
tion, information about the system is exchanged with the envi-
ronment and objectivity emerges when this information is re-
dundantly encoded in the environmental constituents. This re-
sults in observers who, by measuring distinct fragments (F) of
the environment, agree on the state of the system provided that
the fragment fractional size f =|F|/|E| is sufficiently large [4],
where | - | denotes the number of constituent parts.

The main tools to characterise the emergence of objectiv-
ity in quantum systems involve either quantum information-
theoretic measures, such as the (quantum or classical) mutual
information [2, 4, 7, 13, 29-32], or by examining the geomet-
ric properties of the overall system-environment state [6, 33—
36]. In this work, we take an alternative operational approach
and recast the problem in the language of quantum metrol-

ogy. We consider a simple, but generic model [29, 37], that
supports the conditions necessary for classical objectivity as
set by the QD framework. We focus on the accessibility of
the relevant system information directly, rather than the build
up of correlations, in a similar spirit to how consensus [13]
focuses on the retrievability of information by the observers.

Specifically, we examine how observers can access relevant
information about the system by measuring the environmental
fragment to spewhich they have access. To do this, we con-
sider the scenario typical in quantum sensing [38—42] where
information about a certain parameter 6 has been encoded into
the state of the system. If system and environment are initially
uncorrelated the initial state reads

po(6) = pg ® (Vs ™). (1)

At time ¢, the initial state evolves through the interaction
Hamiltonian H into the state p,(6) = e Hpy(8)e'".

In QD, objectivity implies that different observers, each
measuring distinct fragments of the environment, agree on
the properties of the system. In this case, inferring proper-
ties of the state of the system implies accurately determining
the value of the unknown parameter 6 from measurements of
the environmental fragment state

Pl (6) = Trg rTrs p,(0), 2)

where ¢ is the interaction time and “Tr,” denotes the par-
tial trace over subsystem “x”. High precision corresponds to
a small variance of this estimate from the true value. The
quantum Fisher information (QFI), ¥, provides a convenient
means to lower bound this variance using the Cramér-Rao
bound [38]
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FIG. 1. (a) Diagram of the spin-star model for N = 6 and f = 1/3.
The environmental fragment accessible to an observer is shown in
the red region and the remaining environment in the green region.
(b) Thermodynamic limit of QFI (red, solid line) against time. Also
shown is the corresponding precision for S, with 7y/7r = {1,2,5}
(blue dashed, green dotted and black dot-dashed lines).

The QFI depends on the state p!(6) and its derivative which
can be expressed as

dep’ (0) = TrgrTrs {e_’H’ (pOE ®i[Vs, e’wgpg e_iwg]) eiH’}.
“4)

The QFI thus provides a means of determining how precisely
an observer can determine the state of the system from specific
measurements of a given environmental fragment. It can be
computed using [43]
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where V[-] denotes vectorization of a matrix and I is the iden-
tity matrix.

The above framework is general and allows us to ex-
plore how the interaction time, f, and fragment fraction
size, f, affect the measurement precision for any given in-
teraction Hamiltonian. Furthermore, our framework also to
some degree circumvents the high practical and computa-
tional resources required for experimental witnesses of objec-
tivity [22-25], that have so far limited tests for large systems
by leveraging known techniques for quantum Fisher informa-
tion retrieval [44—46].

We note that the QFI has been previously examined in sev-
eral related contexts. Broadcasting of information is a key
ingredient of QD. In Ref. [47] the conditions for broadcast-
ing QFI (mapping the parameter dependent state to a bipartite
state with reduced states of equal QFI to the original state)
are established. Similarly on the topic of information retrieval
from an evironment, a related quantity termed quantum fisher
information kernel is defined [48]. This quantity connects the
decoherence on the system to the information accumulated in
the environment.

II. MODEL AND MAXIMAL ACHIEVABLE PRECISION

We consider the spin-star model [29, 37, 49, 50] where the
system is a single qubit and the environment is a collection
of N = |E| qubits, see Fig. 1(a). We assume the interaction

s

between the system and the environment to be governed by
the Hamiltonian

N
H:Z I N+
\/N 4 Z ’

m=1

(6)

where J,, are the individual coupling strengths assumed to
be randomly drawn from some distribution and are suitably
scaled to ensure a well defined thermodynamic limit. We
further assume an initial product state |yg) = ®]1(v=l [+) ®
(@9l Lns1 +BolMnsr) Where [+),, = () + D))/ V2. We
choose Vg = o, and pg =| L) |, such that @y = cos 6 and
Be=isiné.
The reduced state of the system is

cos2 6 icos@sin@eT® )

P =
! —icosfsinfeT®

expressed in the basis [[y=(0 1) and |T)=(1 0)7 where
I'(¢) corresponds to the decoherence factor

I'(e) = —ln[ﬁ cos (Jkt/ \/ﬁ)] rand (é) .

k=1
In taking the thermodynamic limit we use the approximation
In (cos(x)) ~ —x?/2. This limit allows us to identify a charac-
teristic decoherence timescale 7p = 1/ +/2(J?), which is also
valid for finite environment sizes provided r < VN. The
maximal precision achievable by measuring an environmen-
tal fragment can at most be equal to the QFI of the system

)

sin” @

(®)

(S)state given in Eq. (7), which by direct calculation is a con-

stant, Fnax = 4, for all times. A deviation from maximum
redundancy in the context of mutual information, so-called
“information deficit”, has been previously explored in [51].

We now determine how accurately an observer with access
to a given fragment can determine the state of the system. The
reduced state of a fragment of size |F| is given by

|F| |F|
Pl = cos’(®) Q) Q) +5in’0) Q) Qul=0. (9)
m=1 m=1
where
1 1 o2idut! VN
Q) = 5 ( o201/ VN 1 (10)
Calculating the QFI for Eq. (9) gives (see Appendix A),
|F|
— _ 2 _ —/te)?
Fo=4]1 Dcos (2Jkt/\/ﬁ)} = a1-e .
1D

where 77 =1/(2 v/ f{(J?)) emerges as the natural QFI timescale
for the fragment. Note that for this specific case, the QFI is
independent of . The increase in QFI is clearly related to
decoherence of the system as 77 = 7p/ \/Z‘ . This result is
consistent with the fact that system decoherence is necessary,
but not sufficient, for objectivity to emerge [37]. While the
system will reach an effectively classical state on timescales
on the order of 7p, small fragments (f < 1/2) require more
time before the relevant system information is imprinted on
their degrees of freedom i.e. 7p > 7p.



III. PRECISION FOR A SPECIFIC OBSERVABLE

While the QFI bounds the maximal precision, it necessar-
ily assumes that the optimal observable is measured, which
for the model under consideration is time dependent, see Ap-
pendix A. However, given that independent observers are free
to perform any measurement on their fragments, it is relevant
to consider how a specific measurement choice impacts the
ability of an observer to determine the state of the system.
Therefore, we now consider measurements of a specific ob-
servable, A, which from the error propagation formula has a
variance

_ Var(4)

g = Y@
w0 = ar

12)

where Var (A) =(A%)—(A)2. Throughout the text, we will refer
to the inverse of Eq. (12) as precision.

A natural choice is to consider combinations of static local
observables of the form S; = Z'f: |1 o-ff for k={x,y,z}. Fork=x
or z we find that the corresponding expected value has no 6
dependence and, therefore, an observer with access to only
these measurements can attain no information regarding the
state of the system. In contrast, the choice of K=y corresponds
to the optimal static local observable in the thermodynamic
limit, see Appendix B. For finite sizes, the expectation value
can be explicitly calculated

|F|
(Sy) = —cos(26) Z sin (2],,11‘/ W) , (13)

m=1

and, through Eq. (12), we can determine the associated vari-
ance, see Appendix B,

1 |F| = %, sin” (2J,t/ VN)
Var(0) = -|1+ 5
sin?(20) ' 3, sin (2J,¢/ \/N)|
1 1
1\:; Z |:1 + —([/TY)Z] . (14)

where we have assumed (J) # 0 [52]. Similar to the case of

optimal measurements, we find that Ty=(2| sin(26){J)| \/7) g

This captures the relevant timescale over which system in-
formation is imprinted on the fragment. Note that 7y di-
verges for f = 0 (since there is no fragment to measure) and
6 = {0, /2} since the 6 derivative of the expected value van-
ishes. We also note that, since (J2) > (J)2, it follows that
Tr <7y, i.€. the optimal measurements attain information at a
faster rate. In fact the QFI scales exponentially, while the pre-
cision of the suboptimal observable, S, scales algebraically,
as shown in Fig. 1(b). Thus, the timescale for the QFI to reach
its maximum value is always shorter than the corresponding
timescale for maximising the precision of measuring S . This
implies that if observers can only employ static local observ-
ables to infer the system’s information, they will need to wait
for longer times. Importantly, we see that even suboptimal
measurements will still achieve the maximum precision given

sufficiently long times in the thermodynamic limit. This pro-
vides evidence that the emergence of objectivity is indeed a
generic feature.

IV. NUMERICAL RESULTS

With the above framework in hand, we now examine how
accurately the asymptotic results hold for finite sizes. We con-
sider a Gaussian distribution of coupling strengths with mean
(Jy=9 and variance (J?) — (J)> =c2. It follows from Egs. (8)
and (14) that both quantities exhibit initial quadratic growth
in the thermodynamic limit

Fo~4t/tr)’,  Var@ ~4/ty)n (15)

In Fig. 2(a,b) we show the dynamics of the QFI for a fixed
fragment size, f = 0.2. The red dashed line corresponds to
the thermodynamic limit while the solid, blue semitranspar-
ent curves correspond to 10 random choices of the coupling
strengths drawn from a Gaussian distribution and the verti-
cal dotted lines are at 7 and VN, respectively. For a small
environment, N = 25 shown in panel (a), we see that while
the initial dynamics (r < 7p) of the QFI exhibits a simi-
lar quadratic growth to the thermodynamic limit, the finite
size effects quickly become apparent. For the single realisa-
tions the QFI transiently reaches its maximum value, typically
within the expected time window, i.e. Tp <t < +/N. This im-
plies that the ability of observers to accurately determine and
agree on the state of the system is delicately dependent on
the precise time at which the fragments are measured. How-
ever, even a modest increase in the system size is sufficient
for the finite size environments to be well approximated by
the N — oo limit. For N =50, we find the QFI for the single
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FIG. 2. QFI, %4, and precision, 1/Var (6), against time ¢ for 10 dif-
ferent realisations of the coupling strengths J (blue semitransparent
lines). The asymptotic behaviour, i.e. thermodynamic limit, is also
shown by the red, dashed line. We choose f = 0.2, J = 0.5 and
o = 0.5. Different columns corresponds to increasing system size
N = 25 (left) and N = 50 (right). Dashed vertical grey lines at
t=Tpy and t = \/N



FIG. 3. QFI against fragment fraction f and time ¢ for (a) a single
realizations of coupling strengths for = 0.5, c = 0.5 and N = 30
(b) thermodynamic limit. Black dashed lines show ¢t = 77 and t =
VN.

realisations typically saturates, only showing some small os-
cillations when 7> VN. This behavior becomes more stable
as N is increased.

For the case of the optimal static local measurement, S, we
find a similar trend with increasing environment size, shown
in Fig. 2(c,d). However, a notable difference for this choice of
measurement is the clearer onset of finite size effects. This is
particularly evident in panel (d) where we see that the asymp-
totic result well approximates the single realisations for an en-
vironment of size N =50, while for £~ VN the results rapidly
start to deviate.

Figure 3 shows the QFI as a function of both time and frag-
ment fraction, f. For a finite environment we show a repre-
sentative simulation with N =30, again drawing the couplings
from a Gaussian distribution. We clearly see two regimes
present. The first is delineated by the diagonal dashed line
which corresponds to 1 =7g(f) and shows that observers with
access to a given fragment size will only achieve the optimal
precision after a sufficient time has passed. The horizontal
dashed line at 7= VN shows that beyond this timescale finite
size effects will impact the precision with which observers can
determine the state of the system. Moving to the thermody-
namic limit, panel (b) clearly shows that 7 defines the char-
acteristic timescale for the emergence of classical objectivity.

The hallmark of quantum Darwinism is the existence of a
so called redundancy plateau of (mutual) information i.e. that
the information about the system shared with the environment
which quickly saturates [4]. In Fig. 4 we show that the QFI
and precision exhibit the same characteristic behavior. The
interaction timescale ¢ is chosen such that Tpy < ¢ < VN. In
panel (a) we see that for an environment of N = 30 qubits,
the QFI quickly grows with fragment size, saturating to the
maximum at f =~ 0.3. The effect is less pronounced for the
precision as shown in panel (b). This panel also demonstrates
that small environmental sizes limits the maximal achievable
precision. Together these results indicate that QD is a generic
feature. For small environments, the maximal precision can be
attained however, this requires observers to measure the op-
timal observable. For the arguably more relevant scenario of
mesoscopic environments, while optimal observables will sat-
urate to the maximal achievable precision quicker, even sub-
optimal measurements performed by observers on small frag-

1/Var(6)

FIG. 4. The behaviour of (a) QFI and (b) precision with S, measure-
ment with increasing fragment fraction f at a late time ¢ = 3 with
N =30, = 0.5 and o = 0.5. Dashed blue line shows the average
behaviour from 2000 random realisations of the coupling. Realisa-
tions within one standard deviation of the mean reside in the blue
shaded area bordered with green lines and red dots show the thermo-
dynamic limit.

ments of the environment will be sufficient to attain the same
level of precision. We remark that these results do not depend
on specific interaction times, the only requirement is that the
interaction time exceeds the relevant characteristic timescales
dictated by the measurement choice. Note that any parame-
ter independent noise channel on the environmental fragment
will generically reduce the QFI.

V.  CONCLUSIONS

We have shown how the emergence of classicality can
be more precisely characterized using tools from quantum
metrology. In particular, we have established that the quan-
tum Fisher information provides a clear operational mean-
ing for how accurately the observer can infer the state of the
system based on the measurements they perform on the en-
vironmental fragments. Our approach is a first step in the
integration of quantum objectivity with quantum metrology,
therefore opening new avenues for employing novel tools in
the study of the emergence of classicality. In particular, it
provides a framework to precisely characterize consensus be-
tween multiple observers performing different measurements
on their fragment [13, 14].



We have focused on the case of estimating a single param-
eter in the setting where the randomized system-environment
interactions dominate over any intra-environmental couplings.
Future work will focus on extending this to models with com-
plex environmental structures with intra-environmental inter-
actions [53, 54], as well as studying the objectivity of mul-
tiparameter estimation using the quantum Fisher information
matrix [38, 42, 55]. Moving away from exactly solvable mod-
els will require some concession. More complex baths could
be modeled using open system theory techniques, requiring
certain approximations. Alternatively, arbitrary baths could
be considered numerically, via exact diagonalisation (see e.g.
Appendix C), but this approach is restricted to relatively small
system sizes.
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Appendix A: Proof of QFI expression

The relevant state of the fragment can be expressed as
pr = peld (@il + (1 = po)lp-,)¢-| where py = cos*6 and
o) = l:lzl e/no?t/ VN |1y This is clearly a rank two ma-
trix since it is a mixture of two pure initial states. Let us
use an orthonormal basis {|¢;), |¢,i)}. If we define the over-

lap c(t) = {(¢|p—;), we can write

(6= = cO)lg) + 1 = e |¢7).

This overlap can be explicitly computed as

(AL)

|F| |F|
e(t) = [ Jetle 0V 14y = [ cos@ut/ VN). - (A2)
m=1

m=1

Working in this basis, the density matrix is

pf = |po+ (1= polcP|lg@il + |1 = lc)P| (1 = po)lgi Xo7

+

(1 = pe)e(® N1 = le(OPlp,)(¢; |
(1 = po)c" () V1 = le(®P|¢; Xl

+

The QFI can be computed directly using [43]

To=2V [0l @) - [of @ @T+1@pf@)] - V]al @],

(A4)

where V[-] denotes vectorization of a matrix. This gives
Po’
Fo = —5— |c@? - 1] (A5)
Py — Po
= 4[1 -], (A6)

which is the result stated in the main text. Note that this is
independent of . To obtain the thermodynamic limit, we
rewrite this as

|F|
Fo = 4]|1- 1_[ cos>(2Jxt/ \/N)} (A7)
k=1

|F]

4 {1 —exp [Z In cos2(2Jxt/ \/N)}} (A8)
k=1

- 4 [1 - e‘4ﬂ2<]2>] . (A9)

Using a similar formula, one can identify the symmetric
logarithmic derivative as

Ly = 2[c(t)’ - 1]tan 6l¢, )|
+ [1= e + (1 + c(0?) cos(26) | esc O sec blg X7 |
+ 21 = (0 an6[Ig X+ 167 Xod|.  (A10)
The optimal observable is then given by
Xo=0+ Lo (A1l)

7

In the thermodynamic and long time limit ¢(¢)*> vanishes, re-
ducing this to

X0 (0= 5 )il + (0+ 5ol (A1)

Appendix B: Precision for a local observable

To start with, let us define the local expectation values
(oh (@) =Tr [o-,’,’lﬂm(t)] which can be explicitly computed as

(@) = (op(=D) = cos(2t/ VN), (BI)
(On(@®) = —(on(~D) = =sin@Jyt/ VN),  (B2)
(o5, () = 0. (B3)

We construct our local observable

" aor + (1 - )0,

i=1

to be A, =
The average of this observable

(A3) is then



6

(A = Tr[Agpf (0) (B4)
|F| |F|
= cos 0 )" [q(a () + (1 = gXon(@)] +sin?0 > [g(o (=) + (1 = g} (=1)] (BS)
m=1 m=1
|F]| |F| ,
= q ) (o30) + (1 = 9)cos20) > (T (0)). (B6)
m=1 m=1

This would appear to indicate that the optimal observable is g = 0, since this part has the 8 dependent term. However, we must
also consider fluctuations in this observable.

To this end, the second moment can be calculated as

A = Te[A5 01 O)] = ¢Tr | Y ool @) | + (1= g7 Tr | Y ()| + a1 = )T | ) [ofo + oo} pfO)f. (BT
i,j i.j ij
Let us compute each part separately. The first part is
|F| |F|
Tr| Y. afopf©)| = IFI+cos’(©) Y (a1 (N30 +sin’(6) D (i (=)o 3(-1) (BS)
ij i#] i#]
|F|
= |F|+ > (oo @), (B9)
i#]
The next term is
|F| |F| .
Te| D 0yl O] = IFI+cos(®) Y (D)D) +sin*(©) ) (o (D)o}~ (B10)
i,j i#] i#j
|F|
= |F+ Y (ol OX D). (B11)
i*)

The final term is

Tr| > {oio + ot} pRO)] = cos’(0) D (O D) + (O i@ + sin(0) > [T (DX =1) + (T (=D)o(=0)}

i,j i#] i#j
= 2¢08(20) ) (o (N (1). (B12)
i#j
All together then we get
|F]| |F| |F|
A3 = IF1+ @ D (oTOXT0) + (1= 9)* Y (ol O) (1) +2q(1 = g)cos(20) D (T D) (1), (B13)
i#] i*j i#j

|F|

IF| 2 2 IF] IF|
A = ¢ [Z«ri;(r»] +<1—q)2cos2<29>[2<o%;1(t>>} +2q<1—q)cos<29>[Zw—;‘(r»][Zwﬁr»]. (B14)
m=1 Jj=1

m=1 i=1



Finally the variance is given by

Var (Aq)

oy

IFl = ¢* 2,1 (o) + (1~ )

Var (6)

m=1

(B15)

sin220) [ ()| - z',f':1<ae‘n<r>>2] - 2¢(1 — ) c0s(26) X! (o (DN (D)

45in220)(1 - g |27 (o)

_ L, R R, Lo ) — (- P 3,1 (o) ~ 2q(1 — ) cos(26) Z'rf'_1<(fz(r>><o%n(t)>} B16)
4 sin?(20)(1 — ¢)? |Z[f':1<o-3;(r)>|2
| PR [1 — @+ Q2q - DYoL =2¢(1 - q) cos(29)<cr§q(t)><a%;(t)>]
_ — , (B17)
sin(20)(1 - ¢ |21 (o ()]

The thermodynamic limit of this can be derived using the approximation sin x = x and discarding terms that vanish in the limit
N — co. Note that we assume a non-zero mean for the distribution of couplings J. In our case then this reduces to,

1
Var (6) N—> -1

+
w 4 422 sin? 20X f 1 —¢q

1 l+¢

. (B18)

We can clearly see that the optimal choice in the thermodynamic limit is g = 0.

Appendix C: Effect of interactions between environmental
fragments

Here we will briefly consider the case of weak interactions
between the environmental qubits. Our modified Hamiltonian
is then,

N
Jm Xlm
H = O'?O’QHI +A4 oo, (CD
n; \/ﬁ I<r;+l \/ﬁ

where y;,, are independent Gaussian random variables with a
variance u°. In Fig. 5, see how the average QFI behaviour
changes when the Hamiltonian deviates from the idealised
case described in the main text. For a large perturbation A,
the scaling of the QFI with fragment size is worse. Neverthe-
less, small perturbations do not drastically behaviour of the
QFL

In Fig. 6, we can see the distribution of QFI for randomized
couplings and how this varies as the perturbation strength is
increased. As expected, the clustering around the maximum
value of 4 reduces as the perturbation strength increases.

(

0 1 1 1 1
0.0 0.1 0.2 0.3 0.4 0.5
A

FIG. 5. Average QFI over 500 realisations against intra-
environmental interaction strength A for different fraction sizes Nf =
{2,3,4, 5}(blue, orange, green and red). Other parameters: N = 6,
tp=5andu =02
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u=0.2.
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