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The freedom to change Fock basis seems
to ensure a minimum amount of locality in
lattice theories in the following sense: If
{(â†

i , âi)} for i = 1, . . . , n is a lattice of cre-
ation and annihilation operators and if a
given Hamiltonian Ĥ induces highly non-
local dynamics on that lattice, then it will
usually be possible to change to a new set
of operators {(b̂†

i , b̂i)} in terms of which
the dynamics appear less non-local. We
demonstrate this by turning a highly non-
local random matrix model into a local, 1D
lattice theory where particles can propa-
gate in localized wave packets. More gen-
erally, we show that any Hamiltonian can
be made to look like such a theory, with
the lattice dispersion relation and the non-
integrability of the theory depending on
the spectrum of Ĥ. We argue that our re-
sults are a step towards quantum mereol-
ogy for fields.
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2 From abstract Ĥ to lattice theory with lo-
cal interactions 5
2.1 Candidate dofs from minimum in-

teraction factorizations . . . . . . . 6
2.2 Iteratively retrieving a Fourier

space lattice . . . . . . . . . . . . . 6
2.3 Application to Pauli field . . . . . 8
2.4 Application to GUE model: wave

packets from random Hamiltonian 11
2.5 MDS embedding of the emergent

lattices . . . . . . . . . . . . . . . . 14

3 Sequence of candidate degrees-of-freedom
from the GUE spectrum 14

4 Discussion: towards quantum mereology
for fields 19

Acknowledgements 21

Data availability 22

References 22

A GUE conventions & Gaussian
Pauli-string coefficients 23

B Hamilton operator at candi-
date dofs 24

C Discrete Pauli field 25

D Information minima & snap-
shot mereology 25

1

ar
X

iv
:2

60
6.

10
00

4v
1 

 [
qu

an
t-

ph
] 

 8
 J

un
 2

02
6

https://quantum-journal.org/?s=Wave%20packets%20from%20the%20spectrum&reason=title-click
mailto:oliver.friedrich@lmu.de
https://arxiv.org/abs/2606.10004v1


Figure 1: Demonstrating our procedure for (re-)interpreting a given Hamiltonian Ĥ as a lattice theory with local
interaction structure. Left panel: evolution of an initially Gaussian wave packet wrt. random lattice dynamics, i.e.
when choosing the coefficients hℓ in Equation 3 at random. Right panel: switching from the initial set of lattice
operators â†

i , âi to a new set b̂†
i , b̂i via the algorithm developed in this paper. Wrt. the new lattice, states can stay

localized for some time & propagate according to an effective dispersion relation. We considered a Hilbert space of
dimension 211 (corresponding to 11 qubits) for this figure - see Sections 1 and 2 for details.

1 Classicalizing quantum theories:
quantum mereology
Consider a theory of n lattice sites with cre-
ation and annihilation operators at each site given
by â†

i , âi . For concreteness, we will consider a
Fermion lattice such that these operators satisfy
the anti-commutation relation

{â†
i , âj} = δij . (1)

At each lattice site we can define the Pauli-like
operators X̂i ≡ (â†

i +âi) , Ŷi ≡ i(â†
i −âi) and Ẑi ≡

2a†
iai−1, and from these we can build (Fermionic)

Pauli strings τ̂ as

τ̂ = Ô1 Ô2 . . . Ôn where Ôi ∈ {I , X̂i , Ŷi , Ẑi} .
(2)

The set of all such strings forms a basis for oper-
ators on the lattice, and e.g. any Hamilton oper-
ator Ĥ can be expressed as

Ĥ ≃
∑

ℓ

hℓ τ̂ℓ , (3)

where τ̂ℓ is the ℓth element in a list of all possible
Pauli strings.

How should we choose the coefficients hℓ in or-
der to create highly non-local dynamics on the
above lattice? One attempt may be to randomly
draw coefficients of similar amplitude for all Pauli
strings. Terms that couple arbitrarily many sites

that are arbitrarily far from each other would
then be present in Equation 3 . But even if we
draw such a Hamiltonian, there may still be a
different set of lattice operators b̂†

i , b̂i wrt. which
the dynamics of Ĥ take a less non-local form than
wrt. the â†

i , âi . So wrt. to this new lattice the dy-
namics of Ĥ would actually appear less extreme
than what we had intended it to be.

We demonstrate such a situation in Figure 1.
The left panel there shows the dynamics of an ini-
tially Gaussian wave packet when the coefficients
hℓ are drawn from independent & identical Gaus-
sian distributions (+ an additional factor of i for
Pauli strings with an even number of factors X̂i or
Ŷi to ensure that Ĥ is Hermitian; cf. Appendix A
for details). The right panel then switches from
the defining lattice operators â†

i , âi to a new set
of operators b̂†

i , b̂i - via an algorithm that we de-
velop in this paper. The color map in both panels
indicates the value of |⟨i|ψ⟩|2, where |i⟩ is given
by either â†

i |0⟩ or by b̂†
i |0⟩ and where |ψ⟩ is a

Gaussian wave packet wrt. either the operators
â†

i , âi or the operators b̂†
i , b̂i . Note that the ran-

dom dynamics do not preserve particle number,
such that probability leaks from the one-particle
wave function ⟨i|ψ⟩ to subspaces of higher parti-
cle number. For that reason, the color scale in
the left panel of Figure 1 was chosen to be loga-
rithmic in |⟨i|ψ⟩|2. In Section 2 we find that as a
general property of our algorithm particle number
is preserved wrt. the new lattice operators b̂†

i , b̂i
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(hence, a linear color scale was chosen in the right
panel). It is also apparent from the right panel of
Figure 1 that wrt. the new lattice, initially local-
ized states can stay localized for some time and
propagate according to some effective dispersion
relation - see again Section 2 for details.

In general, one might expect that for any
Hamiltonian Ĥ in a Hilbert space of dimension
d = 2n there will be a lattice of operators b̂†

i , b̂i

that makes the dynamics induced by Ĥ look most
local. In this paper we explore how to find such
operator sets. Our investigation builds on the
point-of-view that the physics of our Universe is
solely described by unitary dynamics of states in
a Hilbert space H induced by a Hamiltonian Ĥ.
Any decomposition of H into tensor factors or lat-
tice sites is not fundamental, but can be chosen
to satisfy certain operational purposes.

This point-of-view puts our work within the
program of quantum mereology [1], which in-
tends to work out a map from the landscape
of abstract quantum theories (i.e. from quantum
states and/or Hamiltonian operators that are not
explicitly derived by “quantizing” classical the-
ories) to degrees-of-freedom with semi-classical
behaviour. A high-level summary of (one ver-
sion of) the mereology program could be given
as follows: For a given Hamiltonian Ĥ, split the
Hilbert space H into tensor factors

H = H1 ⊗ H2 ⊗ H3 ⊗ . . . (4)

such that on each factor Hi pairs of conjugate
observables {Q̂i, P̂i} can be defined whose dy-
namics – as induced by the Hamiltonian Ĥ – is
close-to-classical. We would then think of these
observables as measuring the different degrees-
of-freedom (dofs) of the emergent, semi-classical
Universe.

Many ways of decomposing an abstract quan-
tum theory into degrees-of-freedom and quanti-
fying the classicality of such decompositions have
been explored. The authors of [1], motivated
by the quantum decoherence paradigm, split a
Hilbert space into a single system and an envi-
ronment, i.e. H = Hsys ⊗ Henv , and identified
conjugate operator pairs on Hsys such that two
criteria were optimized for: entanglement growth
between system and environment should be min-
imized and peaked states in the emergent conju-
gate operators (“wave packets”) should disperse
slowly. The authors referred to these two condi-

tions as robustness and predictability of the emer-
gent classical factorization.

In [2] the authors investigated whether a given
Hamiltonian Ĥ admits a factorization of H into
a set of factors for which Ĥ encodes local inter-
actions. In particular, they were looking for k-
local factorizations where the interaction terms
appearing in Ĥ connect at most k of the emergent
Hilbert space factors. Their findings are twofold:
if a k-local factorization for a given Hamiltonian
exists (for k ≪ Ndof), then it is essentially unique
[3]; but most Hamiltonians do not admit an ex-
act k-local factorization. It was however demon-
strated by [4] that random Hamiltonians drawn
from the Gaussian Unitary Ensemble are well ap-
proximated even by 2-local Hamiltonians in some
factorization. In particular, they showed that the
error in the spectrum made by this approximation
decreases exponentially with system size.

Of course, factorizing a Hilbert space such that
the Hamiltonian’s interaction terms are close to
2-local on the graph of factors is not yet sufficient
for representing genuinely local interactions of
degrees-of-freedom that are arranged in some low-
dimensional geometry. The authors of [5, 6] inves-
tigated how such a geometry can be assigned to
the graph of Hilbert space factors, using quantum
entanglement as a proxy for geometrical concepts
such as “distance” and “area”. Since entanglement
is a property of the state (and not of the Hamil-
tonian), this suggests that mereology should be
informed by both Ĥ and the current state of a
quantum system, in order to identify the Hilbert
space factorization that most closely resembles
a classical Universe. In [7], the authors ar-
gued that the vast majority of finite-dimensional
Hilbert spaces cannot be isomorphic to the ten-
sor product of Hilbert space sub-factors that de-
scribes a lattice theory. They explored emergent
direct-sum decompositions/superselection sectors
between which scrambling of localized informa-
tion is minimized. Each sector, with the appro-
priate dimensions, can then be explored for its
suitability to serve as a lattice-like framework.

A generalization of the mereology framework
was proposed by [8–10], who suggested that
degrees-of-freedom need not be represented in
terms of exact Hilbert space factors. Instead,
any von-Neumann algebra of operators A could
represent the operational degrees-of-freedom of
a (sub-)system of the Universe. By minimizing
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the Gaussian scrambling rate between A and its
commutant A′, the authors of [9] identified the
most independent algebras of a given theory. This
approach can still be thought of as splitting a
quantum theory into a system and its environ-
ment, with the objective of minimizing the ex-
change of quantum information between the two.
In the case where A is a factor algebra, [9] also
showed that minimization of the Gaussian scram-
bling time is equivalent to finding the system-
environment split in which the interaction Hamil-
tonian of the two factors has minimized Hilbert-
Schmidt norm. The authors of [11] also studied
generalizations of exact tensor products. In par-
ticular, they considered partial bipartitions, struc-
tures that are weaker than algebraic factors, to
encode information about coarse-grained and col-
lective degrees-of-freedom which can be thought
of as classical under Hamiltonian evolution.

Instead of splitting a given Hilbert space H
into a single system and an environment, [12] pro-
posed to iteratively decompose H into a more and
more fine grained set of weakly interacting sec-
tors. They would e.g. first decompose a Hilbert
space of dimension 2N as H = HA ⊗ HB where
the two factors have dimension 2N/2 and are cho-
sen such that in this factorization the Hamilto-
nian of a given theory is well approximated by
Ĥ ≈ ĤA ⊗ IB + IA ⊗ ĤB . The resulting fac-
tors HA and HB can then be split further into
an emergent hierarchy of weakly interacting sec-
tors, and the spectrum of Ĥ determines how far
this decomposition can go while still returning
factors with weak interactions. The most fine
grained factors that are still weakly interacting
would then represent the elementary degrees-of-
freedom of a given theory.

The authors of [13] however point out that
classicality of different sub-systems is often as-
sociated with the existence of long-lived pointer
states, and not necessarily with weak interac-
tions. They devise an algorithm that splits H into
a system and an environment, such that a given
Hamiltonian Ĥ permits the existence of such
pointer states in the system. They consider dif-
ferent examples of random Hamiltonian operators
and find that a given Hamiltonian often allows
for a variety of different splits H = Hsys ⊗ Henv
such that Hsys has stable pointer states. Interest-
ingly, the same Hamiltonian can appear in very
different shapes in the different emergent factor-

izations. Hence, [13] call these factorizations the
different realms of emergent physics.

Finally, note that quantum mereology can also
be interpreted as a procedure to extract symme-
tries from a generic quantum system. Closed,
strongly interacting many-body systems are ex-
pected to thermalize, in the sense captured by
the Eigenstate Thermalization Hypothesis (ETH)
[14–16]. But the semi-classical world of our expe-
rience does not show full eigenstate thermaliza-
tion: empirically, not all local observables ther-
malize, and long-lived structures exist. This de-
parture from ergodicity is commonly attributed
to the presence of symmetries, both in the form of
conserved quantities and dynamical symmetries
[17–19]. Why is the world governed by such a
non-generic Hamiltonian? Is its structure finely
tuned to introduce symmetries, or can symme-
tries emerge within more generic systems - e.g.
modeled by a random matrix Hamiltonian? Ran-
dom matrix theory successfully captures the spec-
tral properties of strongly interacting quantum
systems [20–24], but explaining the emergence of
macroscopic, quasi-classical subsystems and asso-
ciated symmetries requires going beyond spectral
statistics to quantum mereology. The decompo-
sition of a Hamiltonian into approximately non-
interacting sectors, e.g. as Ĥ ≈ ĤA⊗IB +IA⊗ĤB

— singles out conserved quantities: ĤA com-
mutes with H and is therefore conserved under
the dynamics. More generally, any observable
supported on subsystem A would fail to thermal-
ize (quickly) with respect to the whole system,
giving rise to a family of local conserved quanti-
ties and dynamical symmetries. Other algebraic
approaches to partitioning that take into account
more general symmetries have been explored in
[25].

A (rough) categorization of the different ap-
proaches to quantum mereology may be based on
the different types of degrees-of-freedom they try
to identify. We attempt to call two major cate-
gories as follows.

A) Object mereology:

These approaches attempt to identify dofs
associated with some semi-classical object,
e.g. the position and momentum of a macro-
scopic body. The existence of such an object
is usually associated with the existence of
pointer states in the corresponding Hilbert
space factors. Thus, object mereology will
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generally try to identify factors (or more gen-
erally, degrees-of-freedom) that permit such
states (see e.g. [1, 13]).

B) Field mereology:

Mereology may also attempt to identify
meaningful dynamical building blocks of a
theory which, as a whole, has a classical
limit. In particular, one would not consider
the conjugate Fourier mode pairs {ϕ̂k , π̂k}
in a quantum field theory as the degrees-of-
freedom of any semi-classical object. But it
would nevertheless be considered a success-
ful implementation of mereology if we could
identify Hilbert space factors and associated
operator pairs that behave like field theory
modes in an abstract quantum theory.

Our work here belongs to the 2nd category. In
particular, we try to add to the mereology pro-
gram by studying how an arbitrary Hamiltonian
may be expressed in terms of low-interaction
degrees-of-freedom and we argue that these may
serve as the harmonic modes of a lattice theory.

In Section 2 we describe an algorithm for itera-
tively decomposing any Hamiltonian of dimension
d = 2n into a set of n qubits that can be inter-
preted as modes of such a primitive lattice theory.
And we also present results regarding the struc-
ture of any given Hamiltonian wrt. minimum-
interaction-factorizations. Section 2.4 in particu-
lar demonstrates that we can turn a chaotic ran-
dom matrix model into a theory of propagating
particles, whose propagation speed is described
by an effective dispersion relation - cf. Figure 4
for an advance look at these results. In Section 3
we shed light on some of the findings of Section 2
by showing that GUE Hamiltonians admit a dis-
crete set of qubits with particularly low interac-
tion. Section 4 concludes with a discussion. In
particular, we describe there open tasks that need
to be addressed on a path towards retrieving field
theory via quantum mereology.

2 From abstract Ĥ to lattice theory
with local interactions
Given a quantum theory defined by some Hamil-
tonian Ĥ acting on some Hilbert space H we want
to identify a lattice of operators such that Ĥ takes
the form of a local lattice theory wrt. these op-
erators. For simplicity, we will be looking for a

lattice of spin-1
2 particles which we will also refer

to as a lattice of (Fermionic) qubits. Let H e.g. be
of dimension d = 2n. Such a space is isomorphic
to the Fock space of n such qubits,

H ≃

span
(

|i1 . . . in⟩ ≡ (â†
1)i1 . . . (â†

n)in |0⟩
∣∣∣ ik ∈ {0, 1}

)
(5)

where the operators â†
i satisfy the anti-com-

mutation relations

{âi, â
†
j} = δij (6)

and where |0⟩ is a state that is annihilated by all
âi .

Once we have identified some basis of H with
the Fock basis {|i1 . . . in⟩} we can define Pauli-
like operators X̂i ≡ (â†

i + âi) , Ŷi ≡ i(â†
i − âi)

and Ẑi ≡ 2a†
iai − 1 at each lattice site. From

these we can build operators of the form

Ô1 Ô2 . . . Ôn where Ôi ∈ {I , X̂i , Ŷi , Ẑi} . (7)

In Section 1 we called these the (Fermionic) Pauli
strings. In the following we want to slightly mod-
ify this convention. For j ̸= i the different X̂i, Ŷi

and X̂j , Ŷj are anti-commuting. This has the con-
sequence that the above products are Hermitian if
they contain an overall odd number of X̂i and/or
Ŷi, while they are anti-Hermitian if that number
is even. In order to turn all Pauli strings into
Hermitian operators we will thus multiply a fac-
tor i to those strings that contain an even number
of X̂i and/or Ŷi . With this convention, the Pauli
strings become a complete basis for Hermitian op-
erators on H (viewing the latter as a real vector
space). Any Hamiltonian operator Ĥ can thus be
expressed as

Ĥ ≃
∑

ℓ

hℓ τ̂ℓ , (8)

where τ̂ℓ is the ℓth element in a list of all Pauli
strings and hℓ are real coefficients.

Any choice of Fock basis or, equivalently, any
choice of lattice operators âi , â

†
i already provides

an interpretation of Ĥ as a "lattice theory" via
Equation 8. But by choosing the operators âi , â

†
i

in a clever way one may hope that the expansion
in Equation 8 can be brought closer to a local
interaction structure.

Our starting point for finding such a set of op-
erators is the realization that integrable lattice
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theories can always be decomposed into a set of
modes that have vanishing interaction between
each other - these factors being the "Fourier
modes" of the lattice field. So we will try to
choose the lattice operators âi , â

†
i such that the

interaction between the lattice sites is minimized.
These operators can serve as the Fourier modes
of an emergent lattice field (whose dynamics is
approximately integrable).

In Section 2.1 we introduce a procedure for
splitting off individual low-interaction qubits
from a given H and Ĥ. In Section 2.2 we show
how to iteratively apply this procedure to obtain
a lattice-like theory from any Hamiltonian. We
then apply this iterative scheme to the Hamil-
tonian of a Pauli field (Section 2.3) and to a
Hamiltonian drawn from the Gaussian Unitary
Ensemble (GUE, Section 2.4). Surprisingly, our
approach turns the GUE Hamiltonian into a the-
ory that allows for wave packets that propagate
and stay local on the emergent lattice.

2.1 Candidate dofs from minimum interaction
factorizations
Let us start by considering a Hilbert space of even
dimension d that factorizes as H = Hq ⊗ Hr,
where Hq is a two-dimensional Hilbert space (that
of a qubit). Given such a factorization a Hamil-
tonian Ĥ can always be written as

Ĥ ≃ Ĥq ⊗ Ir + Iq ⊗ Ĥr + Tr(Ĥ)
d

· I + Ĥint ,

(9)

where the self-Hamiltonians Ĥq and Ĥr are trace-
less and where already the partial traces of the
interaction Ĥint vanish, i.e. Trq(Ĥint) = 0 and
Trr(Ĥint) = 0 . Because the trace of Ĥq vanishes,
we can consider it as a multiple of a Pauli matrix.
Let us e.g. always choose a basis in Hq such that
this Pauli matrix is σz. Then

Ĥq =
(
Eq/2 0

0 −Eq/2

)
≡ Eq

2 σz , (10)

where Eq is the (self-)energy required to excite
the qubit in Hq from one level to the other. Also,
since we can always subtract the global trace from
Ĥ without changing the dynamics it induces, we
will from now on assume that TrĤ = 0 . The
Hamiltonian then becomes

Ĥ ≃ Eq

2 σz ⊗ Ir + Iq ⊗ Ĥr + Ĥint . (11)

For d ≥ 4 there are infinitely many ways to fac-
torize H as ≃ Hq ⊗ Hr , and the different terms
in the decomposition of the Hamiltonian in Equa-
tion 11 will in general differ between any two fac-
torizations. In particular, the size of the interac-
tion Ĥint between the qubit Hq and the rest of
the Hilbert space, Hr, will be different for differ-
ent factorizations. Here we are interested in fac-
torizations where the interaction Hamiltonian is
minimized, because operators that are supported
only in Hq may then be interpreted as “harmonic
modes” of an emergent, approximately integrable
lattice theory.

For concreteness, let us minimize the Hilbert-
Schmidt norm of the interaction Hamiltonian, i.e.
we minimize the loss function

L(H ≃ Hq ⊗ Hr|Ĥ) ≡ Tr(Ĥ2
int) (12)

in the space of possible factorizations H ≃ Hq ⊗
Hr . In Appendix B we demonstrate the following
result.

Theorem 1. Wrt. factorizations H ≃ Hq ⊗
Hr that are local minima of the loss function
Tr(Ĥ2

int) (in the space of possible factorizations)
the (traceless) Hamiltonian Ĥ can always be ex-
pressed as

Ĥ ≃ Eq

2 σz ⊗ Ir + Iq ⊗ Ĥr + σz ⊗ X̂int (13)

i.e. the interaction Hamiltonian is always of the
form Ĥint ≃ σz ⊗X̂int . Furthermore the operator
X̂int commutes with Ĥr :

[Ĥr, X̂int] = 0 . (14)

Corollary 1. For factorizations H ≃ Hq ⊗
Hr that are local minima of the loss function
Tr(Ĥ2

int) the auto-Hamiltonians Ĥq ⊗ Ir and Iq ⊗
Ĥr and the interaction Hamiltonian Ĥint can al-
ways be simultaneously diagonalized.

We will consider the qubits Hq of factorizations
H ≃ Hq ⊗ Hr that are local minima of L to rep-
resent candidate degrees-of-freedom. This is mo-
tivated by the fact that any small rotation away
from such a factorization can only increase the
interaction between the factors.

2.2 Iteratively retrieving a Fourier space lattice
We now want to move to a complete decompo-
sition of a Hilbert space H of dimension d = 2n
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into a lattice of n qubits. We will start by looking
for a Bosonic lattice, i.e. by decomposing H into
a tensor product of n qubit Hilbert spaces Hq,i ,

H ≃
n⊗

i=1
Hq,i . (15)

Given a Hamiltonian operator Ĥ we will attempt
to choose this factorization such that interaction
between the different factors is small. Certain
operators on these factors can then - after a fur-
ther Boson-to-Fermion mapping - serve as Fourier
modes of an approximately integrable lattice the-
ory.

To find such a factorization we will iteratively
factor out individual low-interaction qubits in the
way we had described in the previous subsection.
More concretely, we proceed as

Step 1: H ≃ Hq,1 ⊗ Hr,1 such that interaction be-
tween Hq,1 and Hr,1 is minimized;

Step 2: Hr,1 ≃ Hq,2 ⊗ Hr,2 such that interaction be-
tween Hq,2 and Hr,2 is minimized;

. . .

Step n− 1: Hr,n−2 ≃ Hq,n−1⊗Hq,n such that interaction
between Hq,n−1 and Hq,n is minimized.

This procedure is ambiguous, because at each
iteration there will be many local minima of
Tr(Ĥ2

int) , i.e. many candidate degrees-of-freedom
to choose from. For definiteness, let us assume
that at each iteration we choose the minimum for
which the ratio Tr(Ĥ2

int)
/
Tr(Ĥ2

q) is smallest. This
ensures that we pick degrees-of-freedom, which
are robust (i.e. have high self-energies).

Defining

Ẑi = I ⊗ · · · ⊗ I︸ ︷︷ ︸
i−1

⊗ σz ⊗ I ⊗ · · · ⊗ I︸ ︷︷ ︸
n−i

, (16)

and remembering our conventions around Equa-
tion 11, the self-Hamiltonian part of the total
Hamiltonian Ĥ will in this iterative factorization
be given by

Ĥself ≃
n∑

i=1

Ei

2 Ẑi . (17)

This is indeed reminiscent of the Hamiltonian of
integrable lattice models, and the self-energies Ei

would be the energies associated with the Fourier

modes of such a lattice. At the same time The-
orem 1 and Corollary 1 apply at each iteration
of our factorization procedure, thus ensuring that
the total interaction Ĥint commutes (and is simul-
taneously diagonalisable) with Ĥself . This leads
to the following consequence.

Corollary 2. Consider a Hamiltonian Ĥ on a
Hilbert space H of dimension d = 2n, and itera-
tively split H into n minimum-interaction qubits
such that

Ĥ ≃
n∑

i=1

Eq,i

2 Ẑi + Ĥint . (18)

Then the total interaction Ĥint is a superposition
of Pauli strings that contain exclusively either Iq

or σz on each qubit factor.

Proof. If Ĥint had support on a Pauli-string that
contained either σx or σy on one of the qubit
factors, then it could not be simultaneously di-
agonalizable with

∑n
i=1

Eq,i

2 Ẑi .

If our iterative way of factorizing H into low-
interaction qubits has produced a total inter-
action Ĥint that is small compared to the self-
Hamiltonian, then we have found a way of in-
terpreting Ĥ as the Hamiltonian of an integrable
lattice model plus a small, but potentially non-
integrable correction. But we would still like to
ensure that this theory yields any form of local
dynamics in real space. In particular, we would
like to

A) assign momenta k = k(i) to each of the qubit
factors such that the energies E(k) ≡ Ei(k)
represent a meaningful dispersion relation;

B) introduce Fermionic modes ĉk, such that
{ĉk, ĉ

†
k′} = δk,k′ and Ẑi = 2ĉ†

k(i)ĉk(i) − I;

C) Fourier transform these momentum space
modes to obtain real space modes âx and ex-
press the Hamiltonian in terms of these.

For simplicity, let us assume here, that the total
number of qubits is odd, i.e. n = 2ℓ + 1, and let
us also assume that the energies Ei have been
ordered, i.e. Ei < Ei+1 ∀i. We then propose to
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achieve A) via the assignment

E(k = ℓ) = En

E(k = ℓ− 1) = En−2

. . .

E(k = 1) = E3

E(k = 0) = E1

E(k = −1) = E2

. . .

E(k = −ℓ+ 1) = En−3

E(k = −ℓ) = En−1 , (19)

i.e. we assign neighboring values Ei &Ei+1 in the
original ordering to opposite points ±k on the
momentum grid. This ensures that the disper-
sion relation E(k) is approximately symmetric
and that it monotonically increases to either side
of k = 0.

Given such an ordering in k we can proceed
to define raising and lowering operators for each
qubit as

b̂k ≡ 1
2(X̂k + iŶk) , (20)

where X̂k and Ŷk are defined as the product op-
erators that contain σx or σy in the kth factor
and I in all other factors (in analogy to Equa-
tion 16). These are still Bosonic operators and
to meet condition B) from above we would like
to obtain Fermionic (i.e. anti-commuting) opera-
tors instead. This can be achieved via a Jordan-
Wigner transformation, i.e. by defining

ĉk ≡ exp

−iπ
∑
k′<k

b̂†
k′ b̂k′

 b̂k . (21)

The operators Ẑk (where we again use the new
labels k = k(i) ) are left invariant by this trans-
formation, and they are given in terms of the new
Fermionic operators as Ẑk = 2ĉ†

k ĉk − 1 . Thus, in
terms of the new operators the Hamiltonian be-
comes

Ĥ ≃
ℓ∑

k=−ℓ

E(k)
(
ĉk

†ĉk − 1
2

)
+ Ĥint . (22)

The operators ĉk , ĉ
†
k can now be interpreted as

annihilating and creating the Fourier modes of
the emergent lattice theory. From these Fourier
space operators we can then define position space

operators âx via discrete Fourier transform,

âx =
ℓ∑

k=−ℓ

ĉk exp
(
i

2πkx
2ℓ+ 1

)
, (23)

where x also ranges in integer steps from −ℓ to
+ℓ . We finish this sub-section with one more
corollary about the properties of the lattice the-
ory we have now obtained.

Corollary 3. If the vacuum state |0⟩ is defined
to be the state annihilated by all emergent Fourier
space operators ĉk or, equivalently, by all real
space operators âi then particle number - when
defined wrt. to the emergent lattice of operators -
is conserved by the Hamiltonian Ĥ.

Furthermore, in the basis |k⟩ ≡ ĉ†
k |0⟩ of

the one-particle subspace the Hamiltonian of our
emergent lattice theory will always be diagonal,
i.e.

⟨k| Ĥ |k′⟩ ∝ δk,k′ . (24)

Proof. In Corollary 2 we had seen that the inter-
action Hamiltonian wrt. to the emergent lattice
contains only Pauli strings with either Ẑk or I
in each factor. Hence, each term contributing to
Ĥint contains the same number of creation and
annihilation operators. Also, all of these terms
will be diagonal in the one-particle sub-space wrt.
to the basis |k⟩ .

2.3 Application to Pauli field
Let us first test the above algorithm with an inte-
grable many-body Hamiltonian that has a known
decomposition into a set of zero-interaction
qubits. In particular, we will consider the Pauli
field with Hamiltonian

Ĥ =
∫

dx â†(x)
(
m− 1

2m
∂2

∂x2

)
â(x) , (25)

where the â are Fermionic operators, i.e.
they satisfy the anti-commutation relation
{â(x), â(x′)} ∼ δ(x − x′) . The zero-interaction
qubits are then exactly the Fourier modes of this
field, in terms of which the Hamiltonian becomes

Ĥ ∝
∫

dk ĉ†(k)
(
m+ k2

2m

)
ĉ(k) . (26)

Since our algorithm works with finite-dimensional
Hilbert spaces, we need to discretize this the-
ory. A straightforward way to do so would be

8



Figure 2: Visualizing our iterative procedure for factorizing a given Hilbert space into minimum-interaction qubits.
At each iteration we consider the Hamiltonian Ĥrest,i that was left from the previous factorization as the new
total Hamiltonian. We then sift through different norms |Ĥq,i+1| ∼ Eq,i+1 of the qubit self-Hamiltonian and find
candidates for the rest-Hamiltonian Ĥrest,i+1 such that interaction between next qubit and next rest is minimized.
Among all of these candidates we then pick the qubit and rest that achieve the lowest ratio |Ĥint,i+1| / |Ĥq,i+1| .
These selected factorizations are indicated by the red crosses in the figure. The upper panel displays this procedure
for a Pauli field Hamiltonian, while the lower panel was starting with a random Hamiltonian drawn from the GUE.
The Hilbert space dimension in both cases is d = 211 , i.e. we do not show all iterations. Vertical dashed lines indicate
qubit energies where we expect particularly low interaction strength (in the case of the Pauli field: the energies of
the Fourier modes).
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GUE Hamiltonian into a lattice of weakly interacting spins ("Fourier modes"). See main text for details.
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to replace ∂2/∂x2 in Equation 25 by a finite-
differences approximation on a finite grid. But
for low dimensional grids this leads to a strongly
distorted dispersion relation, and as we explain in
Appendix C we will use an alternative discretiza-
tion scheme that is inspired by [26]. Within this
scheme, the Hamiltonian becomes

Ĥ =
∑
i,j

Mij

(
â†

i âj − 1
2δij

)
, (27)

where i and j label the grid of real space posi-
tions, and where the eigenvalues of the coefficient
matrix M are exactly the Fourier mode energies
m + k2/2m in units of the inverse grid spacing
(∆x)−1 .

The upper panel of Figure 2 shows how our
algorithm operates when starting from the spec-
trum of a Pauli field Hamiltonian withm = 3/∆x
that is defined on a grid of n = 11 grid points.
At each iteration we find candidate factorizations
Hr,i−1 ≃ Hq,i⊗Hr,i, which we display as points in
the plane of |Ĥint|2/|Ĥq|2 vs. |Ĥq|2 , where Ĥq is
the qubit self-Hamiltonian and Ĥint is the interac-
tion Hamiltonian in the corresponding factoriza-
tion. We then pick the factorization that achieves
the smallest ratio |Ĥint|2/|Ĥq|2 — marked by the
large red crosses in Figure 2 — and treat the
corresponding rest-Hamiltonian Ĥr,i as the total
Hamiltonian in our next iteration.

Note however the following practical problem
with our algorithm: different local minima of our
initial loss function L ∼ |Ĥint|2 will have differ-
ent “catchment areas” and numerical approaches
that search for these minima tend to strongly pre-
fer certain minima over others. This makes it
challenging to recover all relevant minima from
a set of such searches. The situation is helped
slightly by Theorem 1 which tells us that the
minimization can be carried out in the space of
the spectra of Ĥq and Ĥr, which is much smaller
than the space of factorizations (see [12] for how
to implement such a minimization based on the
spectra). But numerical minimization algorithms
still tends to default to a restricted set of min-
ima. We hence employ the following alterna-
tive scheme for obtaining sets of factorizations at
each iteration: We sift through a set of possible
spectra for the qubit self-Hamiltonians (which is
equivalent to sifting through an array of values
of |Ĥq|2) and find spectra for the corresponding
rest-Hamiltonian Ĥr such that the norm of the in-
teraction Hamiltonian Ĥint is minimized (locally

in the space of possible spectra of Ĥr). This ap-
proach extends our coverage of minima to a wide
range of possible qubit Hamiltonians. And the
points in Figure 2 were obtained in this manner.

Returning to the figure, note that there is a set
of low-interaction peaks in the first iteration (blue
circles). These peaks correspond to the Fourier
energies of the Pauli field, i.e. at the center of
these peaks are factorizations whose qubit fac-
tors are exactly the Fourier mode factors of the
theory. We demonstrate this with the vertical
dashed lines which display the self-Hamiltonian
norms |Ĥq|2 ∝ (m + k2/2m)2 of these modes.
The fact that we only sift through a finite grid of
|Ĥq|2 prevents us from finding the exact Fourier
modes. But at each iteration, our algorithm still
picks and splits off a qubit that is close to one of
these dashed lines. In particular, the excitation
energies of the qubits that our algorithm is fac-
toring out are in very close agreement with the
exact dispersion relation E(k) ∝ m + k2

2m of our
Pauli field, as we demonstrate in the upper panel
of Figure 3.

2.4 Application to GUE model: wave packets
from random Hamiltonian
Let us now apply the same procedure to a Hamil-
tonian Ĥ that is drawn from the Gaussian Uni-
tary Ensemble (GUE), i.e. to a Wigner Hamil-
tonian. We present our GUE conventions in Ap-
pendix A, and we also show there the following: If
you pick an initial set of lattice creation and an-
nihilation operators âi , â

†
i and then decompose

Ĥ into Pauli strings τ̂ℓ wrt. that lattice,

Ĥ =
∑

ℓ

hℓ τ̂ℓ , (28)

(where we use the conventions stated in the be-
ginning of this section, such that some strings
contain an additional factor of i) then drawing Ĥ
from the GUE is equivalent to drawing the coef-
ficients hℓ independently from a Gaussian distri-
bution of variance

σ2(hℓ) = 1
d
. (29)

This means that such an Ĥ will induce highly
non-local dynamics wrt. the lattice-structure that
was used to define the above Pauli-string decom-
position. But our algorithm allows us to move
away from that initial structure, and we will see
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Figure 4: Starting from a Gaussian random Hamiltonian in a d = 211 dimensional Hilbert space we identify field
operators â†

x wrt. which stable, propagating wave packets can be defined. Different panels show how the density
|ψ(x, t)|2 evolves for wave packets of different average momenta k. Red solid lines indicate expected propagation
speed from an effective dispersion relation, while black dashed lines indicate the actual center of the wave packets.
Note that the packet in the upper most, right panel is dispersing quickly, because around its average momentum the
dispersion relation is strongly curved. Because of the periodicity of our (small) grid, this leads to the interference
pattern that is visible in that panel. We display the shape of the dispersion relation in Figure 3.
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that this can lead to much more well behaved dy-
namics.

We again consider a d = 211 dimen-
sional Hilbert space and iteratively identify
11 minimum-interaction qubits. The operator
norms |Ĥq|2 and |Ĥint|2 we are sifting through in
the first five of these iterations are displayed in
the lower panel of Figure 2. Note that in the first
iteration of our algorithm we find a discrete se-
quence of norms |Ĥq| for which the initial qubit
displays a particularly low interaction with the
rest of Hilbert space. We derive an understand-
ing of these peaks in Section 3, and the verti-
cal dotted lines that coincide with the peaks are
a result of our calculations in that section. For
now, we continue with our approach of iteratively
selecting low-interaction qubits. This procedure
returns a set of Fourier mode operators {ĉk} and
corresponding real space operators {âx} in terms
of which our Wigner Hamiltonian becomes

Ĥ =
∑
x,y

Mxy

(
a†

xay − 1
2δx,y

)
+ Ĥint

=
∑

k

E(k)
(
c†

kck − 1
2

)
+ Ĥint . (30)

The blue, solid line in the lower panel of Figure 3
displays the dispersion relation E(k) we obtain
this way. This bare dispersion relation will how-
ever be re-normalized by the interaction Hamil-
tonian Ĥint, which we find to be non-vanishing in
the Wigner-case (as opposed to the Pauli-case we
looked at in the previous subsection). This yields
an effective dispersion relation

Eeff(k) = ⟨k| Ĥ |k⟩
= E(k) + ⟨k| Ĥint |k⟩ (31)

which is displayed as the solid, orange line in Fig-
ure 3. In the figure we also display different at-
tempts at analytically estimating the dispersion
relations - see Section 3 for details.

Taking |0⟩ to be the state annihilated by all
ĉk, we can build wave packet states with average
momentum k0, width in momentum space ∆ and
initial position x0 like

|k0,∆, x0⟩ ≡
∑

k

Gauss(k|k0,∆) e−ix0k |k⟩ ,

(32)
where |k⟩ ≡ ĉ†

k |0⟩ are the single-particle plane
wave states and where Gauss(k|k0,∆) is the ap-
propriate Gaussian one-particle wave function.

With the help of the real-space “field” âx we can
then study the evolution of the position space
wave function

ψ(x, t) = ⟨0| âx Û(t) |k0,∆, x0⟩ , (33)

where Û(t) = exp(−iĤt) describes the time evo-
lution induced by Ĥ.

In Figure 4 we display the absolute value
ρ(x, t) = |ψ(x, t)|2 for a number of different wave
packets obtained by applying our algorithm to
a Hamiltonian drawn from the GUE. In other
words: we started from a Hamiltonian operator
whose elements have literally been drawn at ran-
dom, and we have been able to re-interpret the
dynamics induced by this Hamiltonian as the dy-
namics of propagating particles. And the speed
at which wave packets travel can be understood
via the above mentioned effective dispersion rela-
tion in the usual way, i.e. v = ⟨dEeff/dk⟩ .

In the light of Corollary 3 the results of Fig-
ure 4 are not surprising: any Hamiltonian will -
when re-interpreted as a lattice theory via our al-
gorithm - preserve particle number and also be di-
agonal in the momentum basis of the one-particle
Hilbert space. Hence - for any input Hamiltonian
- the one-particle Hilbert space of our emergent
lattice theory is guarantied to host wave functions
that propagate according to the effective disper-
sion relation Eeff(k) . Whether or not that new
interpretation of Ĥ resembles a classical system
will then only depend on the shape of Eeff(k) .
In the case of the GUE-example, the shape of
Eeff enables (for the most part) localized wave
packets to propagate and stay local. However,
some artifacts are visible from Figure 4: Firstly,
note that k = 0 is not the slowest wave packet.
Also, note that an interference pattern starts to
form in the upper most, right panel. The packet
in that panel is centered around momenta where
Eeff is strongly curved. Thus the packet disperses
quickly and starts to meet itself from the other
side of the periodic grid. We would expect both
of these artifacts to become less severe in the limit
of larger Hilbert space dimension.

Finally, note that we do not investigate here
the interaction structure that Ĥint induces be-
tween particles in the higher N -particle sub-
spaces.
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2.5 MDS embedding of the emergent lattices
After we apply our sifting procedure, any Hamil-
tonian will take the form

Ĥ =
∑
x,y

Mxy

(
a†

xay − 1
2δx,y

)
+ Ĥint (34)

in terms of the emergent real-space creation and
annihilation operators â†

x , âx . And the elements
of the coefficient matrix Mxy will be given in
terms of the emergent dispersion relation E(k)
as

Mxy = 1
(2ℓ+ 1)2

ℓ∑
k=−ℓ

E(k) exp
(
i

2πk(x− y)
2ℓ+ 1

)
.

(35)
This only depends on the difference of x and y,
i.e. the quadratic part of the Hamiltonian for our
emergent lattice theory is translation invariant -
regardless of the specifics of the total Hamiltonian
we started with. Furthermore, Myx = M∗

xy such
that we can consider |Myx|2 as a matrix of “hop-
ping” terms in real-space with periodic boundary
conditions. Following [5] we use this matrix to
define a metric between the lattice sites. We first
calculate Dxy = − log(Mxy + ϵ) , with ϵ = 10−12

ensuring that D is finite. This defines a matrix of
distances on the graph of lattice sites, from which
we can obtain a metric by looking for the shortest
path between any two sites,

mxy = min
γ

kγ−1∑
n=0

Dγ(n),γ(n+1)

 (36)

for all connected paths γ and kγ the length of
a path. Based on the above metric and using
multidimensional scaling (MDS) as e.g. described
in [5], we now look for the optimal embedding
of the graph of lattice sites into lower dimen-
sional Cartesian spaces. In particular, we want
to test whether that optimal embedding is consis-
tent with the supposed 1D nature of our emergent
lattice.

In both the Pauli field and GUE examples from
above MDS should indeed be applicable to the
hopping matrix |Myx|2 since in both cases we
find |Hint| to be of the order of a percent of the
norm of the total Hamiltonian Ĥ, implying that
quadratic terms dominate over higher order terms
of the form |bijk···| = |Tr[Haia

†
jak · · · ]|. The up-

per panel of Figure 5 show’s a 2D embedding of
the distance matrix, extracted from the Wigner

Hamiltonian (left) and from the Pauli field Hamil-
tonian. Unsurprisingly, the cyclicity in the hop-
ping components (cf. Equation 35) means that
the optimal embedding of our construction in 2D
is as a circle. The lower panel of Figure 5 also
hints at a circle being the natural emergent ge-
ometry with both first eigenvalues of the double-
centered, squared distance matrix being approx-
imately equal. The two-dimensional flatness of
the data is indicated by all other eigenvalues be-
ing close to zero.

3 Sequence of candidate degrees-of-
freedom from the GUE spectrum

In the lower panel of Figure 2 we saw that there
is a discrete set of qubit energies Eq ∼ |Ĥq| for
which the initial qubit selected by our algorithm
would have particularly low interaction with
the rest of Hilbert space. In this section we
will derive an analytic understanding of that
behavior based on the asymptotic eigenvalue
density of GUE matrices. This will also help us
to qualitatively model the dispersion relation of
the lattice theory that emerged from the GUE
Hamiltonian in Section 2.4. The main findings
of this section can be summarized as follows:

Result A. There is an asymptotic (d → ∞) lower
bound for 1

dTr(Ĥ2
int) as a function of the qubit

excitation energy Eq, and this bound can be com-
puted from the asymptotic GUE eigenspectrum.

Result B. There is a discrete set of excita-
tion energies Eq where the above bound dips
particularly low, i.e. where factorizations with
particularly low interaction strength are possible.
These energies Eq can also be computed from the
asymptotic GUE eigenspectrum.

To derive these results, let us suppose that there
is indeed a factorization H ≃ Hq ⊗ Hr for which
the interaction part of the Hamiltonian is negli-
gible compared to the auto-Hamiltonians Ĥq and
Ĥr . For such a factorization we should have

Ĥ ≈ Eq

2 σz ⊗ Ir + Iq ⊗ Ĥr , (37)

where we again chose a basis in Hq such that
Ĥq ∝ σz .
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to the others. The difference in scale between the Wigner- and Pauli-case comes from the fact that the emerged
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Figure 6: We show the squared norm of Ĥint when fixing the energy gap Eq = Emax −Emin of the qubit Hamiltonian
(and thus fixing the norm of Ĥq). These conditional minima closely follow the asymptotic lower bound we derived
in Section 3. The vertical, dotted lines indicate the location of minimum-interaction-peaks that is predicted by
Equation 47.

In order for a given factorization to satisfy the
approximate Equation 37, the spectral density
ρtotal of the total Hamiltonian should be a con-
volution of the spectral densities ρq and ρr of the
self-Hamiltonians of the qubit and the rest, i.e.

ρtotal(λ) ≈ (ρq ∗ ρr) (λ)

= 1
2 [ ρr(λ− Eq/2) + ρr(λ+ Eq/2) ] .

(38)

Now let φtotal(k) and φr(k) be the characteristic
functions of ρtotal(λ) and ρr(λ) respectively (i.e.
the Fourier transforms of ρtotal and ρr). Then
Fourier transforming Equation 38 leads to

φtotal(k) ≈ 1
2φr(k)

[
e−i

kEq
2 + ei

kEq
2

]
= φr(k) cos(kEq/2)

⇒ φr(k) ≈ φtotal(k)
cos(kEq/2) . (39)

This seems to indicate that for any value of Eq we
can find a rest-Hamiltonian Ĥr such that Equa-
tion 37 is satisfied exactly by simply tuning the
spectral distribution of Ĥr to be given by the in-

verse Fourier transform of Equation 39, i.e.

ρr(λ) =
∫

dk eikλ φtotal(k)
cos(kEq/2) . (40)

However, this may not be a proper probability
density function (PDF). E.g. it may not even sat-
isfy ρr(λ) ≥ 0 for all λ. And how close ρr comes
to being an actual PDF may depend on Eq .

Since we are considering the total Hamiltonian
to be drawn from the GUE, its eigenvalue density
will tend (in distribution) towards the Wigner
semicircle distribution

ρtotal(λ) ≈ 1
2π
√

4 − λ2 (41)

in the limit d → ∞ . The Fourier transform of
this is

φtotal(k) ≡
∫ dλ

2π ρtotal(λ) e−ikλ = J1(2k)
2πk , (42)

where J1 is the first order Bessel function. Split-
ting Ĥ into a qubit-Hamiltonian and a rest-
Hamiltonian should then lead to a spectral den-
sity of that rest-Hamiltonian that is given by

ρr(λ) ≈
∫

dk eikλ J1(2k)
2πk cos(kEq/2) . (43)
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and Equation 47 - the exact solutions are well approximated by actual densities over the energy range relevant for
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densities ρr of the rest-factor Hamiltonians found for minimum-interaction qubits whose energy gap Eq approximately
satisfies Equation 47.
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The right hand-side of this equation is not a
purely positive function and is thus not a proper
density - except for Eq = 0, in which case the
emergent qubit would have trivial self-dynamics.

To find approximate solutions to Equation 38
that are proper densities, let us re-interpret our
loss function Tr(Ĥ2

int) as

L(Ĥint) ≈
∑

i

[λi(Ĥ) − λi(Ĥq ⊗ Ir + Iq ⊗ Ĥr)]2 ,

(44)

where λi(X̂) is the ith ordered eigenvalue of
the operator X̂ . The right hand-side of Equa-
tion 44 is not generally equivalent to our loss func-
tion, but thanks to Theorem 1 it indeed equals
Tr(Ĥ2

int) at the local minima of that loss func-
tion. Now let Eq be the qubit energy of a local
minimum and let ρr be the spectral density of
the corresponding rest Hamiltonian Ĥr . Then
λi(Ĥq ⊗ Ir + Iq ⊗ Ĥr) is approximately given by

λi(Ĥq ⊗ Ir + Iq ⊗ Ĥr) ≈
1

1/d

∫ l

li−1
dl l 1

2 (ρr(l − Eq/2) + ρr(l + Eq/2)) ,

(45)

where the interval [li−1, li] is the ith of a number
of d equal-probability quantiles of the distribu-
tion 1

2 (ρr(l − Eq/2) + ρr(l + Eq/2)) . Similarly,
we have

λi(Ĥ) ≈ 1
1/d

∫ r

ri−1
dr r 1

2π
√

4 − r2 , (46)

where the interval [ri−1, ri] contains the ith equal-
probability quantile of the semi-circle distribu-
tion. We can now plug Equations 45 and 46
into Equation 44 and minimize this loss func-
tion subject to the conditions ρr(λ) ≥ 0 and∫

dλ ρr(λ) = 1 . In practice, we do this by ex-
panding Equation 44 to 2nd order in the deviation
between ρr and the exact, unconstrained solution
from Equation 43 and then solving the result-
ing constrained, quadratic problem. We provide
a notebook within the GPUniverse code pack-
age that solves this problem numerically (https:
//github.com/OliverFHD/GPUniverse).

The solution to the above quadratic problem
for a given fixed Eq gives us an estimate of the
lowest loss that can be asymptotically achieved in
any Hilbert space factorization with qubit energy
Eq. The black dashed line in Figure 6 displays

this optimum loss as a function of 1
2TrĤ2

q = 1
4E

2
q .

We also display the actual values of Tr(Ĥ2
int)

we obtain when sifting through Eq and find-
ing the corresponding rest-spectrum that mini-
mizes interaction (as we had already done for the
lower panel of Figure 2). Different symbols show
these minimum interaction strengths obtained for
Hamiltonians drawn from the GUE in different
dimensions.

As can be seen in Figure 6, the lower bound
we derived displays a spiked pattern, i.e. there
seems to be a discrete set of qubit energies Eq

for which particularly low loss (i.e. particularly
low interaction between the qubit and the rest of
Hilbert space) can be achieved. This happens be-
cause for certain values of Eq the Bessel function
in Equation 43 cancels one of the poles of the in-
tegrand, thus suppressing the otherwise strongly
oscillating behavior of the solutions to the inte-
gral. This makes the exact solutions to the un-
constrained problem of Equation 38 closer to be-
ing proper distributions, thus leading to a lower
loss also for the solution to the constrained prob-
lem. We demonstrate this in the left-hand side
of Figure 7 where the upper 3 panels show ex-
act solutions to Equation 38 with Eq chosen such
that a pole cancellation happens, while the low-
est panel is using a random value for Eq . From
Equation 43 it is clear that a pole cancellation
will happen when

Eq

2 ≈ 2π
xi

, (47)

where xi is the ith zero of the Bessel function
J1 . We display these values for Eq as vertical
dotted lines in the lower panel of Figure 6, and
they indeed coincide with the downward spikes in
the interaction-lower-bound.

For d = 512 we also compare the actual eigen-
value distribution of Ĥr at local minima in three
different spikes to the corresponding exact solu-
tions of Equation 38 in the right-hand side of Fig-
ure 7. The approximate agreement between the
latter and the former is further confirmation of
our above interpretation of the spikes.

We conclude this section by returning to the
lower panel of Figure 2. For the first iteration
of our algorithm we had found there the same
low-interaction-peak structure that we now en-
countered in Figure 6. And as explained above,
the location of these peaks corresponds exactly
to the qubit energies Eq where one of the poles of
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the integrand in Equation 43 is canceled by the
Bessel function that appears there. Some of these
“Bessel peaks” persist in later iterations, and a
number of the iteratively identified qubits are in-
deed chosen from a sub-set of the initial peaks
(cf. some of the red crosses in the figure). This
seems to indicate that qubits from these peaks
are compatible in the sense that they live in each
other’s “rest-part” Hrest of Hilbert space. But
notably not all peaks persist: e.g. the peak at
1
2 |Ĥq|2 ∼ 10−1 vanishes already after the first it-
eration despite that iteration not selecting a qubit
from said peak. We argue in Section 4 that this
means that some of the peaks represent overlap-
ping degrees-of-freedom that don’t live on mutu-
ally compatible Hilbert space factors. Such over-
lapping dofs have e.g. been considered by [27] (see
also [28, 29]) to model quantum fields that sat-
isfy a holography-inspired entropy bound. And
Figure 2 may indeed indicate that we should con-
sider a set of emergent overlapping qubits rather
than a set of perfectly separated ones in order to
optimally approximate a close-to-classical lattice
theory.

We postpone a discussion of this to Section 4
and for now use our understanding of the low-
interaction peaks for attempts at modeling the
dispersion relation E(k) that we found for Fig-
ure 3. A first attempt may be to simply pick
the first n = 11 qubit energies Eq for which a
zero of the Bessel function cancels an integrand
pole. The energies {Eq} may then be sorted ac-
cording to the assignment scheme we presented
around Equation 19 to obtain the correspond-
ing dispersion relation. This is displayed as the
green dashed line in the lower panel of Figure 3.
But as we have seen, our iterative scheme does
not pick qubits from every of the initial Bessel
peaks. So with the red dashed line we also dis-
play the dispersion that is obtained by selecting
qubits only from every 2nd peak. Neither of these
approximations perfectly matches the E(k) that
was actually returned by our algorithm. This is
in part because omitting every 2nd Bessel peak
is too simplistic and does not accurately describe
which peaks are and are not selected by our al-
gorithm. And it is in part because at any finite
dimension the set of minimum-interaction qubits
only resolves a finite subset of the peaks - see
e.g. Figure 6. Nevertheless, the approximation
qualitatively captures the behavior of E(k) and

should become more accurate for higher dimen-
sions. Of course, E(k) is only the bare dispersion
relation of our emergent lattice theory. Charac-
terizing the shape of the re-normalized dispersion
Eeff(k) is a major open task required in order to
a priori understand the dynamics of that theory.

4 Discussion: towards quantum mere-
ology for fields
With this work we wanted to investigate how
quantum mereology can be formulated such that
it returns field-like degrees-of-freedom. The algo-
rithm we propose starts with a Hamiltonian Ĥ
on a Hilbert space H of dimension d = 2n and
identifies n Fermionic creation and annihilation
operators ĉ†

k , ĉk such that the degrees-of-freedom
represented by these operators have only small in-
teraction. We then treat these operators as the
Fourier modes of an emergent lattice theory and,
after Fourier transforming, arrive at a lattice of
operators â†

x , âx in terms of which Ĥ takes the
form

Ĥ =
∑
x,y

Mxy

(
â†

xây − 1
2δx,y

)
+ Ĥint . (48)

Theorem 1 and Corollaries 1-3 describe general
properties of this emergent lattice theory that
hold regardless of the input Hamiltonian Ĥ .
In particular, we showed that the one-particle
Hilbert space of the theory will always be a the-
ory of wave functions that propagate according
to an effective dispersion relation Eeff(k) whose
shape depends on the spectrum of Ĥ .

Our algorithm was able to correctly recover the
defining lattice structure of a Pauli field Hamil-
tonian. Encouraged by this consistency test, we
went on to apply the algorithm to a Hamilto-
nian that exhibits extreme non-locality wrt. some
initial lattice structure (random Gaussian coeffi-
cients in front of all possible Pauli strings). We
were able to switch to a new lattice structure that
turns this Hamiltonian into a theory of particles
that can propagate and stay localized for some
time.

The above results can be considered a small
success in the direction of quantum mereology for
fields. But a large number of questions still need
to be addressed in order to formulate a map from
Hamiltonian spectra to closest-to-classical (lat-
tice) field theories. In the following, we close by
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summarizing some particularly important open
points.

• Loss function

Throughout this paper we have defined our
candidate degrees-of-freedom as those qubit
factors that minimize the norm of the in-
teraction Hamiltonian. This is only one of
many choices for defining a mereology loss
function, see e.g. the overview of different
mereology approaches we gave in Section 1.
Note in particular, that we applied our loss
function at each individual step of the iter-
ative procedure we proposed in Section 2.2.
One may e.g. attempt to replace that with a
global loss function that judges the full de-
composition of Hilbert space into the full set
of degrees-of-freedom. Such a loss function
may e.g. measure the degree of locality of
the interaction Hamiltonian wrt. the emer-
gent lattice.

• Harmonic vs. real space modes

We have treated the minimum interaction
qubits that are returned by our procedure as
the Fourier modes of an emergent lattice the-
ory. This is inspired by the fact that Fourier
modes are indeed the minimum-interaction
(and actually: zero-interaction) degrees-of-
freedom of free field theories / of integrable
lattice models. But for theories with suffi-
ciently strong interaction, this may not be
the case anymore. It was e.g. shown by
[30], that for certain types of interacting lat-
tice theories the real-space lattice modes con-
stitute the minimum-interaction degrees-of-
freedom.

• Beyond spin-1
2 lattice

The field theories of our experience con-
tain Bosonic and Fermionic fields of different
spins, and interactions between those fields.
From a mereology point-of-view this raises
the question whether a given quantum the-
ory - as e.g. characterized by its Hamilto-
nian spectrum or any other data - can be
factorized into locally interacting lattices of
different spins, and which of these spin lat-
tices comes closest to resembling a local field
theory. For Bosonic lattices, this will only
be the case if the Hilbert space considered is

infinite dimensional (which may require sig-
nificant extension of the framework we dis-
cussed here), or if the Bosonic degrees-of-
freedom are approximated by finite dimen-
sional constructions as has e.g. been sug-
gested by [26, 31, 32].

• Optimal lattice dimension

We have only considered turning a given
quantum theory into a 1-dimensional lattice
theory. In particular, around Equation 19
we mapped the self-energies of our emergent
qubits onto a 1-dimensional dispersion rela-
tion. This mapping can easily be extended
to dispersion relations in higher dimension,
and for a given Hamiltonian spectrum this
mapping may work better (in the sense of
returning a closer approximation to a local
field theory) in some dimensions than in oth-
ers.

• Overlapping degrees-of-freedom

In Section 3 we showed that GUE Hamilto-
nians asymptotically allow for an entire se-
quence of low-interaction qubits. But when
we applied our factorization procedure itera-
tively, some elements of this sequence where
omitted. This indicates that not all of the
peaks in Figure 6 represent mutually com-
patible degrees-of-freedom. In other words:
any two peaks in that figure represent two
low-interaction factorization

H ≃ Hq1 ⊗ Hr1

≃ Hq2 ⊗ Hr2

but in general

H ̸≃ Hq1 ⊗ Hq2 ⊗ Hr12 .

This is reminiscent of the concept of “over-
lapping degrees-of-freedom”[27–29]. In [27]
some of us had used such dofs to build a
quantum field that satisfies a holographic
maximum-entropy bound.

The algorithm we proposed here for extract-
ing lattice theories from a given Hamiltonian
spectrum is not allowing for such overlapping
dofs and instead insists on identifying an ex-
act factorization. This means that some of
the dofs we extract will have stronger inter-
action than the low-interaction peaks that

20



were omitted by our algorithm. Allowing a
mereology algorithm to extract sets of over-
lapping dofs may thus yield closer approxi-
mations to local lattice theories (as was al-
ready speculated in [27]).

Note also the following: in a regime where
minimum-interaction dofs are the real-space
modes of the emergent lattice theory (cf. our
discussion of the results of [30] above) then
the mode overlaps would represent kinemat-
ical non-locality like it is e.g. present in grav-
itationally dressed operator fields [33].

• Dynamical structure vs. information struc-
ture

We proposed an algorithm for re-interpreting
a given Hamiltonian as approximately local
dynamics wrt. a set of field-like degrees-of-
freedom. And to achieve that we indeed only
required knowledge of the Hamiltonian, i.e.
we did not need to specify a state. This
will be insufficient in the context of quan-
tum gravity, where it seems to be the mu-
tual quantum information that a given state
induces between Hilbert space factors that
determines which of these factors host space-
time (or “IR”) degrees-of-freedom and which
host matter (or “UV”) degrees-of-freedom
[5, 6, 34] . In Appendix D we explore how
our algorithm could be modified to apply to
states and their quantum information struc-
ture (though with very limited scope).

• Remaining ambiguities in defining ĉ†
k , ĉk

We had seen in Corollary 2, that our emer-
gent field operators ĉ†

k , ĉk appear in the
Hamiltonian only via the combination

Ẑk = 2 ĉ†
k ĉk − 1 . (49)

A consequence of this is that the Hamilto-
nian spectrum together with our algorithm
really only fixes the operators Ẑk of the emer-
gent lattice dofs, while leaving some ambi-
guity in how the operators ĉ†

k , ĉk should be
chosen. Let us e.g. for any particular mode

k use a basis where

Ẑk =
(

1 0
0 -1

)
⊗ Ir

=



1 0 . . . 0 0 . . .
0 1 . . . 0 0 . . .
...

...
. . .

...
...

. . .
0 0 . . . -1 0 . . .
0 0 . . . 0 -1 . . .

0 0 . . .
...

...
. . .


. (50)

Then any unitary transformation of the form

U = exp

i
(

0 0
0 1

)
⊗


θ1 0 . . . 0
0 θ2 . . . 0
...

...
. . .

...
0 0 . . . θd/2




(51)

will leave Ẑk invariant, but it will change the
creation and annihilation operators ĉ†

k , ĉk .
How we should interpret this ambiguity may
depend on the answers to the other ques-
tions we raised above. If the operators ĉ†

k , ĉk

indeed represent real-space modes (and not
harmonic modes like we have assumed here)
then the ambiguity would be reminiscent of
a local gauge freedom - with the Hamil-
tonian being independent of gauge choice.
If we allowed for the extraction of overlap-
ping degrees-of-freedom, then the unitaries
in Equation 51 may change overlaps between
the emergent lattice operators and thus be
reminiscent of a choice of dressing.
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A GUE conventions & Gaussian Pauli-
string coefficients
Let a Hamiltonian Ĥ be drawn from the Gaus-
sian Unitary Ensemble (i.e. let it be a “Wigner
matrix”). This means that the entries in the up-
per triangle of Ĥ are all independent Gaussian
numbers with

⟨Hij⟩ = 0 & ⟨|Hij |2⟩ = 1
d
, (52)

where d = dimH is the dimension of the Hilbert
space. In the limit of d → ∞ the empirical eigen-
value distribution of such matrices tends towards
the Wigner semicircle distribution,

pĤ(λ) ≈ 1
2π
√

4 − λ2 . (53)

When we view the space of Hermitian matri-
ces as a real Hilbert space endowed with the
Hilbert-Schmidt product ⟨A,B⟩ = Tr(AB), then
the GUE is actually just the isotropic Gaussian
distribution in that space with variance σ2 = 1/d
in each dimension. To see this, consider the basis
matrices B = {D̂a , R̂ab , Îab} given by

(Da)ij = δiaδja

(Rab)ij = 1√
2

(δiaδjb + δjaδib)

(Iab)ij = 1√
2

(iδiaδjb − iδjaδib) . (54)

These matrices are orthonormal wrt. the Hilbert-
Schmidt product and they form a complete basis
of the Hermitian matrices, i.e. any Hamiltonian
Ĥ can be decomposed as

Ĥ =
∑

a

hD,aD̂a +
∑
a<b

hR,abR̂ab +
∑
a<b

hI,abÎab .

(55)
Now choosing all the coefficients
{hD,a , hR,ab , hI,ab} from independent Gaussian
distributions with the same variance σ2 = 1/d
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will exactly lead to ⟨|Hij |2⟩ = 1
d , as we required

for the GUE.
But note that because the GUE is just an

isotropic Gaussian in the space of all Hermitian Ĥ
(where “isotropic” means that the covariance ma-
trix of the Gaussian is proportional to the iden-
tity) we may rotate to any other orthonormal ba-
sis of that space and draw independent compo-
nents along the axes of this new basis, and we
will still obtain draws from that same original
distribution. For that reason, the GUE is equiv-
alent to drawing random Gaussian coefficients in
a decomposition of Ĥ in terms of Pauli strings -
as we had claimed in Section 2.4.

B Hamilton operator at candidate dofs

In this appendix we demonstrate that at the
interaction minima, the (traceless part of the)
Hamiltonian of our system can always be writ-
ten as

Ĥ = Eq

2 σz ⊗ Ir + Iq ⊗ Ĥr + σz ⊗ X̂int , (56)

where the interaction part of the Hamiltonian,
σz ⊗ X̂int, commutes with the self-Hamiltonians.

We start by considering any factorization H ≃
Hq ⊗ Hr. In any such factorization the Hamilto-
nian can always be written as

Ĥ = Eq

2 σz ⊗ Ir + Iq ⊗ Ĥr + Ĥint (57)

≡ Ĥ0 + Ĥint , (58)

where TrqĤint = 0 and TrrĤint = 0 , and where
in the 2nd line we have defined Ĥ0 to be the non-
interacting part of the Hamiltonian. Now let {|i⟩}
be an eigenbasis of Ĥ0 and let us assume that Ĥint
is not diagonal in that basis. We can then con-
sider an infinitesimal Schrieffer–Wolff-like trans-
formation

Ĥ → Ĥα = eαŜĤe−αŜ (59)

where the elements of Ŝ in the basis {|i⟩} are
given by

Sij =
{

Hint,ij

di−dj
for di ̸= dj

0 else
. (60)

Note that for di ̸= dj

[Ŝ, Ĥ0]ij = Hint,ij dj

di − dj
− Hint,ij di

di − dj

= −Hint,ij (61)
⇒ [Ŝ, Ĥ0] = −V̂int , (62)

where the matrix elements of V̂int are the same as
those of Ĥint except when di = dj , where we set
them to 0 .

The transformation Ĥ → Ĥ ′
α can be inter-

preted as a change of Hilbert space factorization
(+ internal transformations of the factors), and
we want to show that – under the assumption
that Ŝ ̸= 0, i.e. that Ĥint is not diagonal in the
eigenbasis of Ĥ0 – the derivative of Tr(Ĥ2

int) is al-
ways negative. If this were true, then any factor-
ization where Ŝ ̸= 0 cannot be a local minimum
of our loss function.

To execute this plan, let us first note that

d
dαTr(Ĥ2

int,α) = 2Tr
(
Ĥint

d
dαĤint,α

)
. (63)

Note also that Ĥint can be computed from Ĥ as

Ĥint = Ĥ− 1
d/2Trr(Ĥ)⊗Ir − Iq⊗1

2Trq(Ĥ) . (64)

Consequently, we can express the derivative of
Ĥint wrt. α as

dĤint,α
dα = dĤα

dα − 1
d/2Trr

(
dĤα

dα

)
⊗ Ir

− Iq ⊗ 1
2Trq

(
dĤα

dα

)
. (65)

Since all partial traces of Ĥint vanish, this means
that

Tr
(
Ĥint

d
dαĤint,α

)
= Tr

(
Ĥint

d
dαĤα

)
. (66)

Thus, the derivative of our loss function wrt. α is
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given by

d
dαTr

(
Ĥ2

int,α

)∣∣∣∣
α=0

= 2Tr
(
Ĥint

d
dαĤα

∣∣∣∣
α=0

)
= 2Tr

(
Ĥint [Ŝ, Ĥ]

)
= 2Tr

(
Ĥint [Ŝ, Ĥ0]

)
+ 2Tr

(
Ĥint [Ŝ, Ĥint]

)
= −2Tr

(
Ĥint V̂int

)
+ 2Tr

(
ĤintŜĤint

)
− 2Tr

(
ĤintĤintŜ

)
= −2Tr

(
Ĥint V̂int

)
= −2Tr

(
V̂ 2

int

)
< 0 , (67)

where in the last step we have used the fact that
V̂int has no diagonal elements in the basis {|i⟩} .
So we have proven: if V̂int is non-zero, i.e. if Ĥint
is not diagonal in the eigenbasis of H0, then an
infinitesimal unitary transformation can change
the Hilbert space factorization to a factorization
with lower interaction strength. Consequently, at
local minima of interaction strength, Ĥint must
be diagonal in the eigenbasis of H0. Since by
convention we wrote the eigen-Hamiltonian of the
qubit factor as ∝ σz ⊗Ir, this means that at those
minima Ĥint is of the form

Ĥint = σz ⊗ X̂int . (68)

C Discrete Pauli field
In the non-relativistic limit, the Dirac field in 1+1
dimensions decouples into 4 copies of a field with
the Hamiltonian

Ĥ =
∫

dx b̂†(x)
(
m− 1

2m
∂2

∂x2

)
b̂(x) (69)

where b̂†(x) creates a particle at location x and
satisfies

{b†(x) , b(y)} = δ(x− y) . (70)

We will refer to this field as “Pauli field”. Dis-
cretizing the Pauli field on a lattice with grid
spacing ∆x and using a finite-differences scheme
to approximate ∂2/∂x2 would yield

Ĥ =∑
i

∆x b̂†(xi)
(
m b̂(xi) − b̂(xi−1) + b̂(xi+1) − 2b̂(xi)

2m∆x2

)
.

(71)

And defining

B̂i ≡
√

∆x b̂(xi) ⇒ {B̂†
i , B̂j} = δij (72)

this becomes

Ĥ =
∑

i

B̂†
i

(
mB̂i − B̂i+1 + B̂i−1 − 2B̂i

2m∆x2

)

=
∑

i

[(
m+ 1

m∆x2

)
B̂†

i B̂i −
B̂†

i B̂i+1 + B̂†
i+1B̂i

2m∆x2

]
.

(73)

Note that on small grids (like the ones we
have used in our numerical results) the finite-
differences-discretization employed above yields
dispersion relations of the free field’s Fourier
modes that strongly deviate from the continuum
limit - cf. the blue triangles and grey, dashed line
in Figure 8. To ease this problem we choose to
represent the derivative P̂ 2 = −∂2/∂x2 with the
help of Generalized Pauli Operators (GPOs) in-
stead of finite-differences. GPO can be seen as
the most faithful (but still approximate) imple-
mentation of the Heisenberg commutator in fi-
nite dimensions [26, 32]. The resulting conjugate
operator pair P̂ , X̂ induce shifts in each others
spectra with periodic boundary conditions and
their spectra consist of linearly spaced eigenval-
ues which align exactly with the position space
and Fourier space grid of the discretization. As
a consequence, the eigenvalues of P̂ 2 align much
closer with the continuum limit, as we demon-
strate with the orange squares in Figure 8. The
(field-)Hamiltonian in this alternative discretiza-
tion scheme becomes

∆xĤno−tr. =
∑
i,j

Mij

(
B̂†

i B̂j − 1
2δij

)
, (74)

where the coefficients Mij are given by the ma-
trix elements of P̂ 2/2J in the GPO-scheme (see
e.g. [26] for details), and where we have explicitly
removed the trace of Ĥ .

D Information minima & snap-shot
mereology
In this appendix we transfer the results of Sec-
tion 3 to a different situation that also highlights
a different point-of-view on quantum mereology
itself. We consider matrices of the form

Ĥmod = − ln Ŵ , (75)
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Figure 8: Dispersion relation of the discretized Pauli field when using different schemes to represent the Laplacian ∆
on the grid.

Figure 9: Same as Figure 6 but for Hamiltonians drawn from the log-Wishart ensemble. These can be interpreted as
modular Hamiltonians corresponding to standard random density matrices.
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where Ŵ is drawn from a complex Wishart distri-
bution with n degrees-of-freedom (not to be con-
fused with the emergent “degrees-of-freedom” we
are investigating in the main text). In the limit
d → ∞ and d

n → γ = const. such Ĥmod are dis-
tributed approximately (and up to a constant en-
ergy offset) like modular Hamiltonians of random
density matrices that are obtained by considering
Haar-random pure states in a Hilbert space of di-
mension d × n and then tracing out a random
n-dimensional factor from that Hilbert space.

When factoring out a qubit from the re-
maining, d-dimensional Hilbert space, Ĥmod can
be again decomposed into self- and interaction-
Hamiltonians. But our loss function Tr

(
Ĥ2

int

)
now acquires an information-theoretic meaning:
it can be shown that the mutual information be-
tween Hq and Hr is at leading order in the terms
of Ĥmod given by [39]

I(q : r | Ŵ ) ≈ 1
2dTr

(
Ĥ2

int

)
. (76)

This leading order expression will be a good ap-
proximation for d ≪ n, or equivalently, for Ŵ ≈
I − Ĥmod . So in that limit we are identifying
qubits that have minimum mutual information
with their complement.

In Figure 9 we show results similar to those of
Figure 6 but in this modified situation. The dif-
ferent symbols show interaction minima (∼ mu-
tual information minima) as a function of the
norm of the qubits modular self-Hamiltonian.
Again, a discrete series of peaks with particularly
low loss function appear. To predict the asymp-
totic location of these minima we simply need to
replace the asymptotic eigenvalue distribution of
the (modular) Hamiltonian in our calculations of
Section 3. There we had considered GUE Hamil-
tonians whose eigenvalue density asymptotes to
the semi-circle law. Now, our modular Hamilto-
nians are drawn from a log-Wishart distribution
which follows a log-Marchenko-Pastur law, i.e.

ρtotal(λ) =√(
e−λ −

[
1 − √

γ
]2) ([1 + √

γ
]2 − e−λ

)
2πγ . (77)

Replacing the semi-circle law with the log-
Marchenko-Pastur law yields the dashed line in
Figure 9 which indeed seems to represent a lower
bound for our empirically found minima. And

in the limit of large dimension d, the minima
seem to approach this bound. Note that this
time the characteristic function ϕtotal correspond-
ing to ρtotal is complex and has no exact zeros
that can cancel integrand poles as in Section 3.
But minima of the absolute value |ϕtotal| can still
dampen those poles. And the location of these
minima still correctly predict the location of low-
interaction peaks - as we demonstrate with the
vertical dotted lines in Figure 9.

Interpreting the degrees-of-freedom identified
by our methodology as minimum-information fac-
tors as opposed to minimum interaction factors
may be viewed as a “snap-shot” notion of mere-
ology where preferred Hilbert space factors are
not selected by dynamical considerations but by
a static, information-theoretical criterion applied
to a given density matrix. Such a point-of-view
may be required in the light of work such as [5, 6],
where the emergence of classical spacetime is de-
pendent on the structure of quantum information
between Hilbert space factors. It can also loosely
be motivated by analogy with large-scale struc-
ture cosmology: cosmologists do not observe the
dynamics of the universe but only one snap-shot
along our backward light-cone. The information
extracted from that light-cone (which is essen-
tially a density matrix in the Hilbert space of the
inflaton field) is then arranged into cosmologically
useful degrees-of-freedom and thus into a coher-
ent story of inflation and structure formation. In
that sense, cosmology itself is an implementation
of (snapshot-)mereology. We will investigate such
a point-of-view on mereology further in follow-up
work.
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