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Abstract: Quantum error-correcting codes provide a powerful framework for emergent

spacetime, yet existing holographic code models describe only quantum fields on a fixed

background: in exact erasure-correcting codes, the entropic area term is state independent

and cannot capture gravitational backreaction. We argue that this limitation is intrinsic to

exact subsystem recovery and that incorporating backreaction instead requires approximate

quantum error correction. We introduce an Ryu-Takayanagi-like entropy decomposition for

approximate subsystem erasure-correcting codes, defining bulk matter entropy via optimal

recovery and a complementary proto-area entropy as the difference between boundary en-

tropy and recoverable bulk entropy. For a broad class of skewed quantum codes obtained

by small nonlocal perturbations of exact codes, the proto-area increases monotonically with

bulk entropy, closely aligning with the behavior of quantum extremal surfaces. We identify

the origin of this response as a form of tripartite non-local magic in the Choi state of the

encoding map, which vanishes in stabilizer codes and controls the leading matter–geometry

coupling in approximate subsystem erasure-correcting codes.ar
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1 Introduction

Recent developments in quantum gravity suggest that key aspects of spacetime dynamics are

governed by universal quantum information principles. In AdS/CFT, entanglement entropy is

related to bulk geometry through the Ryu–Takayanagi (RT) formulas [1–5], while more general

arguments based on entanglement equilibrium and the entanglement first law indicate that

Einstein’s equations themselves may emerge from entropic constraints [6–12], even in systems

that are not asymptotically AdS [13–16]. These insights motivate the search for models

of emergent gravity that rely only on information-theoretic structure, rather than specific

microscopic dynamics or conformal symmetry.

Quantum error-correcting codes (QECCs) provide a natural framework for this program.

In holography, the low-energy sector of quantum gravity behaves as a code subspace, with

bulk degrees of freedom redundantly encoded in boundary variables [17]. This perspective

has led to a wide class of tensor-network and QECC toy models that successfully reproduce

kinematic features of holography, including RT-like entropy formulas and entanglement wedge

reconstruction [18–24]. This perspective also generalizes to other geometries [16, 19, 22,

25], providing a crucial “emergence map” for separating matter from geometry in complex

quantum systems.

However, existing QECC models do not capture the emergence of gravity. In exact sub-

system erasure-correcting codes (including stabilizer codes and many other holographic tensor

networks) the encoded state can always be locally decoded into a product of a logical bulk

state and a fixed entangled resource [22]. Consequently, the entropic area term is indepen-

dent of the logical state. This structure faithfully describes quantum field theory on curved

spacetime but fails to capture a defining feature of gravity: changes in matter must backreact
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on geometry. Recent no-go theorems formalize this limitation, showing that stabilizer codes

and their local-unitary deformations necessarily admit only trivial, state-independent area

operators [26].

This observation indicates that gravity cannot emerge from exact subsystem error cor-

rection. In contrast, approximate error correction relaxes the rigid separation between logical

information and the code’s entangled resource, allowing correlations between bulk matter and

geometry. Such correlations are unavoidable in a proper gravitational theory, where matter

excitations source metric perturbations and therefore become entangled with the gravitational

degrees of freedom [22, 26, 27].

In this work, we develop a framework for emergent geometry in approximate erasure-

correcting codes. We introduce an RT-like entropy decomposition that remains well defined

beyond exact recovery. The matter entropy is defined as the entropy of the optimally recov-

erable bulk state, obtained by maximizing coherent information over recovery channels. This

choice is motivated by the interpretation of bulk matter as the degrees of freedom that can

be reconstructed with maximal fidelity from a boundary subregion, even when recovery is

imperfect.

The complementary contribution, which we call the proto-area entropy, is defined as the

difference between the boundary entropy and the recoverable bulk entropy. This quantity

captures the residual entanglement that cannot be attributed to bulk matter and is therefore

naturally interpreted as geometric. The resulting decomposition reduces to the standard

and Faulkner–Lewkowycz-Maldacena (FLM) formula [3] in exact codes, while allowing the

geometric term to become state dependent when recovery is approximate.

We study a broad class of skewed quantum codes [20, 28], obtained by perturbing exact

erasure-correcting codes with small nonlocal unitary deformations. For these codes, we show

that the proto-area entropy typically increases monotonically with bulk entropy for mixed bulk

states. When the bulk state is pure, the proto-area entropy increases with the entanglement

between the entanglement wedge and its bulk complement, which plays the role of bulk

entropy in the quantum extremal surface (QES) formula [5, 29]. These features closely align

with the response of quantum extremal surfaces to bulk excitations. The stated behavior is

generic in the sense that it holds for almost all small nonlocal perturbations of an exact code,

with violations occurring only for finely tuned or symmetry-restricted deformations.

Crucially, we identify the quantum resource that controls this matter–geometry coupling.

We show that the strength of the proto-area response is governed by tripartite non-local magic

in the Choi state of the encoding map. This state involves three tensor factors: the logical

reference system, the recoverable bulk degrees of freedom, and the geometric entanglement.

In a manner directly analogous to the quantum extremal surface construction, correlations

between the bulk matter and geometry depend on the logical state. This form of magic

is irreducibly non-local in the sense that it cannot be generated or removed by any two-

subsystem unitary operations. Using stabilizer Rényi entropies as a diagnostic, we show

that this non-local magic vanishes in stabilizer codes and quantitatively controls the leading

dependence of the proto-area on bulk entanglement in approximate erasure-correcting codes.
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Figure 1. Schematic of the encode–recover process. A logical input � (L)
a�a � � (L) is supplied to

the code, where � (L)
a = Tr�a (�

(L)
a�a ) and � (L)

�a = Tra(�
(L)
a�a ) denote the logical marginals on a and ā,

respectively. The isometry V encodes � (L)
a�a into boundary degrees of freedom, producing the collective

encoded state �̃ A �A. We group boundary output legs as A � A 1 [ A 2 and Ā � Ā1 [ Ā2. Interme-

diate encoded marginals are obtained by partial traces, �̃ A = Tr �A(�̃ A �A) and �̃ �A = TrA(�̃ A �A). Local

recovery unitaries RA and R �A act independently on A and Ā, producing the recovered components

� (R)
A1

; � (R)
A2

; � (R)
�A1

; � (R)
�A2

, which together form the final recovered boundary state � (R)
A �A .

Our results clarify why exact QECC models fail to reproduce gravitational backreaction

and identify non-local magic as the essential ingredient enabling geometry to respond to mat-

ter. More broadly, they establish a concrete information-theoretic mechanism for emergent

gravity in generic quantum systems, linking spacetime dynamics to entanglement, approxi-

mate quantum error correction, and non-local non-Clifford encoding.

We organize this paper as follows. In Sec. 2, we motivate the necessary structural changes

needed by gravity when deforming exact erasure correction codes. In Sec. 3, we extend the RT-

like entropic formula for QECCs to approximate erasure correction codes and prove general

properties linking the change of area-like entropies to that of “bulk/matter entropies” in

Sec. 4. Finally, we show in Sec. 5 that the strength of this interlink is determined by a form

of perturbative non-local tripartite magic, thus establishing a precise connection between

non-local magic and gravity-like conditions in approximate erasure correction codes.

2 Quantum codes and emergent gravity

2.1 Codes and complementary recovery

We begin by reviewing the aspects of quantum gravity that existing QECCs models do cap-

ture. A quantum code is specified by a code subspace C within the physical Hilbert space

HP . It is often convenient to introduce a logical Hilbert space HL, which is isomorphic to

the code subspace C. The encoding is implemented by an isometric map

V : HL ! H P ; (2.1)

whose image is the code subspace.
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Suppose HP is factorizable and consider a bipartition of the physical system into subsys-

tems HP = HA 
H �A. The code is said to exhibit complementary subsystem erasure correction

[22] if the logical space HL admits a factorization

HL = L a 
 L �a ; (2.2)

such that all the logical operators Oa acting on the encoded information in L a has a repre-

sentation in the physical Hilbert space as Õa = OA 
 I �A, and all logical operators O�a acting

on the encoded information in the complement L �a has the representation Õ�a = I A 
 O �A. For

convenience, we will drop all identity operators and denote all operators with support only

on A as OA.

A code with subsystem complementary recovery [22] possesses the property that any

codeword can be decoded by local unitaries supported on complementary regions A and Ā.
Explicitly, let j  ̃i 2 C be any codeword. There exist local decoding unitaries R A and R �A
independent of the codeword such that

RAR �Aj  ̃i = j i A1 �A1
j�i A2 �A2

: (2.3)

Here we take HA1 (H �A1
) to be isomorphic to L a (L �a ). In other words, the recovery unitary

extracts the encoded logical information � a = Tr�a [j i h j] and � �a = Tra[j i h j] and places it

in the physical subsystems HA1 [ H �A1
. A shared entangled state j�i between the remaining

auxiliary subsystems A2 and Ā2 is then left over which contains the entanglement that cannot

be removed by local unitaries RA 
 R �A. Operationally, complementary recovery means that

the information on A (or Ā) can be recovered by unencoding a subspace A 1 (or Ā1) of that

region with auxiliary system A2Ā2. When we combine the parts recoverable from A and that

from Ā, they make up the entire encoded state. Many stabilizer codes and more general

symplectic codes are known to have this property [18, 27, 30]. The encoding, recovery, and

the notation of states at different stages are shown in Figure 1.

2.2 RT and FLM formulas in exact erasure correction codes

By tracing out the subsystem on Ā, a code like the above satisfies a Ryu-Takayanagi (RT)-like

formula, or more precisely, a Faulkner-Lewkowycz-Maldacena (FLM)-like formula such that

the “boundary entropy” of a subregion A is

S(� A) = S(� A1 ) + S(�) = S(� (L)
a ) + Tr[A� (L)

a ]; (2.4)

where � A = Tr �A[j  ̃ih  ̃j A �A], � A1 = Tr �A1
[j ih j A1 �A1

], and � = Tr �A2
[j�ih�j A2 �A2

]. The second

equality follows because � A1 (respectively � �A1
) has the same matrix elements as � (L)

a (respec-

tively � (L)
�a ). An area operator A = S(�)I a can be defined to rewrite S(�) as Tr[A� (L)

a ] to be

directly analogous to the FLM relation in AdS/CFT [22],

SCFT (A) = S(� EW(A) ) +
hAi
4G

(2.5)
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Figure 2. HaPPY code network shown as a hyperbolic tiling of perfect pentagon tensors. Each

pentagon corresponds to a perfect tensor ([[5; 1; 3]] code), with the black dot inside indicating the

logical input leg. These logical legs point inward and should be understood as inputs. The red dots

on the boundary represent the physical qubits where the encoded state appears.

where S(� A) $ S CFT (A) is the boundary entropy, S(� (L)
a ) $ S(� EW(A) ) is the entropy asso-

ciated with the effective field theory degrees of freedom restricted to the bulk entanglement

wedge (EW) of A, and hAi=4G $ Tr[� (L)
a A] = S(�) is the entropy tied to the area hAi of a

bulk minimal/extremal surface. Post recovery, therefore, it is natural to link A1 and Ā1 as

containing the logical and hence the bulk matter field information while A2 and Ā2 containing

the information needed to emerge the background geometry through its link to the minimal

surface area.

A canonical example is the HaPPY code [18], illustrated in Figure 2, where logical qubits

reside in the bulk and physical qubits live on the boundary. The entangled state � corresponds
to the EPR pairs along the minimum cut “geodesic” through the tensor network. Much of the

above results can also be generalized to operator algebraic quantum error correction codes

when the code subspace do not admit a nice tensor factorization [20, 22, 24, 31]. However,

for the sake of simplicity, we focus our presentation on subsystem codes and their variants

even though some results below apply more generally.

Going beyond AdS/CFT, Ref. [16] shows that near-flat geometries can also emerge from

the entanglement data S(�) for codewords j  ̃i in a factorizable physical Hilbert space with

suitable entanglement patterns. When such background geometries are well-defined [32],

Ref. [16] argues that the matter entropy can in general be identified with the logical entropy

while the remaining piece S(�) is the geometric entropy, which is equal to the area of an

extremal surface, i.e., hyperplane, in the background geometry with spatial cutoff. In this

context, the emergent geometry in AdS/CFT can then be thought of as a special case in which

the entanglement pattern from S(�) across different partitions A; Ā gives rise to a hyperbolic
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rather than a flat spatial geometry.

In the same proposal [16], it is shown that if the linearized Einstein’s equations on an

emergent flat background holds, then an entropic equation must be satisfied when the en-

tanglement patterns of the state j  ̃i are perturbed. That is, consider j  ̃i ! j  ̃i + �j �̃i,
then the respective entropy perturbations �S(�); �S(� a) must satisfy an entropic equation

that is equivalent to the linearized Hamiltonian constraint such that non-trivial changes of

�S(� a) must lead to non-trivial changes in �S(�) under certain assumptions. In AdS/CFT,

a similar entropic relation is satisfied by a combination of the entanglement first law and

the bulk-boundary dictionary [6, 8]. More generally, Jacobson [14] shows in a different setup

where a similar entropic relation called entanglement equilibrium will yield the full non-linear

Einstein’s equations with additional assumptions. Indeed, these conditions make intuitive

sense — generic changes in the bulk matter configuration and hence its entropy should be

reflected on the underlying geometry or geometric entropy S(�) in General Relativity. There-

fore, identifying QECCs where similar conditions can be reproduced are natural next steps

for emerging gravity in and beyond AdS using tensor network models.

2.3 Beyond Exact QECC: the need for matter-geometry correlation

However, it is easy to see that a code that satisfies exact subsystem complementary recovery

in equation (2.3) does not reproduce such conditions because the recovery is completely

independent of the codeword and always factorizes the state into j�i and j i. This implies that

S(�) is independent of j i and therefore its entropies. The same problem persists in operator

algebra quantum error correction codes that have trivial area operators. In particular, [26]

established a no-go theorem showing that for all stabilizer codes — and for any local unitary

deformation thereof — the area operators are trivial, whereas a non-trivial area operator is

believed to be required for gravitational backreaction [20, 22, 25]. Because the geometric

entropy is always independent of the logical state, such toy models are analogs of quantum

field theories on curved spacetime, which are indeed expected to satisfy the FLM formula.

This contrasts with genuine holographic systems, in which the area term A depends on the

bulk state.

For the rest of this work, we will often refer to the portion of the entropy S(�) that can give

rise to emergent geometry as the geometric entropy Sgeom and S(� (L)
a ) as the matter entropy

Smatter . In instances where the codewords are low energy states of a quantum field theory,

S(� (L)
a ) corresponds to the vacuum subtracted entropy [16, 33–35]. This naming is motivated

by the observed connections above between entropy and emergent gravity. However, it should

be clear from context that they are simply labels of convenience because a quantum code does

not generally admit a geometric or an effective field theory description.

The goal of this paper is to construct and understand QECCs where �S matter can trigger

nonzero �S geom. As required by perturbative quantum gravity (see Appendix F) and non-

trivial state dependence [25–27], we need to consider codes whose best recovered “matter”

and “geometric” sectors are coupled, e.g.
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RAR �Aj  ̃i =
X

i

cij ii A1 �A1
j� ii A2 �A2

(2.6)

where formally the j� ii can support different entanglement structures unlike those in stabilizer

codes1.

2.4 Non-local magic enables gravity

To produce such codes, a different type of quantum resource called non-stabilizerness or magic

is required. Magic is a notion of quantumness distinct from entanglement. The concept of

magic comes from fault-tolerant quantum computation and error correction schemes based

on the stabilizer formalism [37]. Broadly, magic is closely connected with Wigner negativity

and the hardness of classical simulations, such as stabilizer simulations [38], tensor network

[39], and Monte Carlo [40] methods.

In quantum gravity, it was shown that magic is essential for the emergence of gravitational

backreaction [39], for the construction of non-trivial area operators in QECCs [26], and is

abundant in CFTs [41–43].

Importantly, the type of magic needed for emergent gravity also has to be non-local, i.e.

it cannot be removed by local unitaries acting on separate subsystems. Ref. [26, 39] define

the (bipartite) non-local magic of a bipartite pure state to be

min
UA 
U B

M(U A 
 U B j i AB) (2.7)

where M is any magic measure and U A; UB are unitaries. For example, although Haar random

states and Haar random tensor networks [19] are highly magical, they have near vanishing

non-local magic [39]. In contrast, CFTs have not only large total magic, but also a large

amount of non-local magic that increases with its central charge [39].

A precise definition of non-local magic for quantum codes is not yet known in literature,

but we can intuitively see why it is needed from relation (2.6). To construct such a state,

the encoding unitary needs to generate different amounts of entanglement in � based on the

logical state  (Figure 3). Such states are produced by quantum circuits with controlled-

entangling unitaries, for example, Toffoli gates. Such unitaries are non-Clifford, thus inject

magic, and cannot be synthesized by mere local unitaries on individual qubits UA 
 U B 
 U C ,

or any depth-1 bipartite unitaries like I A 
 U BC [44]. Therefore, this suggests a form of

tripartite non-local magic. We will make this notion precise in Sec. 5 and comment on the

details why local or bipartite forms of magic do not provide a state-dependent proto-area in

Appendix B.

1The state we write down here is not identical to the most general state in operator algebra QECCs
with non-trivial area operator where each \� block" [22, 36] can be built out of di�erent direct sum of Hilbert
spaces for A1 ; A 2 and their complements. However, one can convert them into the above form by supplementing
ancillary degrees of freedom and restricting to a suitable subspace of the total Hilbert space [27].
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Figure 3. Left: an exact subsystem erasure-correcting code can be written such that an entangling

state is first generated by Uχ on A2; Ā2 followed by local encoding UA 
 U �A, which can not produce

matter-geometry correlation. Right: A controlled-� unitary is needed to generate different amounts of

entanglement based on the logical information on A1; Ā1, so as to produce states of the form in (2.6).

For example, when Uχ = CX, then it is a multi-controlled gate, which is non-Clifford.

3 Entropy formula in an approximate erasure correction code

In previous works [16, 22], the matter and geometric entropies (or area operators) are only

well-defined when the QECC satisfies exact erasure correction, i.e., the recovery channel can

fully extract all the encoded information by acting only on subregions A and Ā and hence

there is a clean factorization of quantum states describing matter and geometry degrees of

freedom like in equation (2.3) 2. However, this is no longer true for an approximate erasure

correction code where equation (2.6) holds. For this, we will need a general definition of Sgeom

and Smatter that holds for approximate QECCs. In the following, we show that it is physically

well-motivated to define them respectively as the entropy of the best-recoverable state under

the erasure channel and the residual entanglement needed to satisfy a RT-like formula.

Consider the encoding map V which does not produce a code with exact subsystem

erasure correction property. Denote the encoded state as

j  ̃i = V j i ; (3.1)

for j i 2 H L. More generally, we consider the encoding of a logical state � (L) 2 L(H L)

through �̃ A �A = V � (L) V y and the recovery RAR �A thereof by

� (R)
A1 �A1

= TrA2 �A2
(RAR �A �̃ A �ARy

ARy
�A) � N R(� (L) ); (3.2)

where we treat the encoding-recovery as a quantum channel NR : L(H L) ! L(H A1 �A1
) such

that NR(� (L) ) = � (R) � � (L) . To clarify the notations: � (L/R)
M denotes the logical state. The

superscript (L) and (R) indicates that the state is pre-encoding and post-recovery respectively,

and the subscript M denotes the subsystem the state is supported on. The subscript is often

omitted if the state is over the entire physical or logical Hilbert space as opposed to being

restricted to a subsystem.

2More generally, the structure of a subalgebra is required for these de�nitions, which is also absent in
approximate codes.
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When the encoding V produces an approximate QECC, the best possible recovery R� is

the one that maximizes the standard coherent information I c(N ) over all possible channels3,

i.e.,

R� := argmax
R

I c(NR) (3.3)

where the coherent information of the channel NR is defined as

I c(NR) = S(Trr[NR 
 I r(jΦihΦj)]) � S(N R 
 I r(jΦihΦj)) = S(� (R)
A1 �A1

) � S(� (R)
A1 �A1r

): (3.4)

Here,

jΦi =
1

p
dL

dLX

i=1

jii L jii r (3.5)

is a maximally entangled state between HL and a reference system r that is isomorphic to

HL. dL is dimension of HL.

For an exact subsystem erasure-correcting code, the maximal coherent information reaches

log dL, corresponding to perfect recovery of the logical subspace. For a general encoding

isometry, the maximal value is smaller, reflecting imperfect recovery. When the residual re-

construction error is small — or, equivalently, when I c(N ) is close to maximal — the code

is an approximate QECC. Now that we have defined the approximated QECC as a quantum

channel NR, we need to define the analog matter and geometry entropies as the entropies

associated with the channel outputs in order to verify that the approximate recovery is pos-

sible.

De�nition 3.1. The analog matter entropies of a and respectively ā in a code with encod-

ing map V and logical Hilbert space HL = L a 
 L �a that satisfies approximate subsystem

complementary recovery on A and Ā is

S(� (R � )
A1

) := S(Tr �A1
[� (R � )

A1 �A1
]) (3.6)

S(� (R � )
�A1

) := S(TrA1 [�
(R � )
A1 �A1

]) (3.7)

with the understanding that L a
�= HA1 and L �a �= H �A1

.

Intuitively, one can treat these quantities as the entropies of the matter fields in disjoint

subregions on a spacetime background. It is easy to check that this definition reduces to

the standard definition of bulk or matter entropy by [22] in the usual RT/FLM formula

when V is an exact erasure correction code. Here we formally write the matter entropy as

the entropy of a state � (R � )
A1

that is best recoverable from the “boundary”. It is not to be

confused with the entropy defined directly over the logical information [29], namely, what

� (L)
a contains. Suppose HL = L a 
 L �a and V defines the isomorphism between the code

subspace and the logical Hilbert space such that C = Im(V ), then the above entropy are

3R � need not be unique.
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distinct from S(� (L)
a ) = S(TrL �a j ih ]); S(� (L)

�a ) = S(TrL a j ih ]). Although they are equal

when the recovery is perfect, S(� (L)
a ) 6= S(�(R

� )
A1

); S(� (L)
�a ) 6= S(�(R

� )
�A1

) in general.

Similarly, the geometric part of the entropy associated with a subsystem A needs to be

modified for an approximate QECC. There is no formal definition of the area or related area

operator when the code and related subalgebra becomes approximate. Here we define a notion

of area assuming that an RT-like formula continues to hold when the code is approximate.

De�nition 3.2. The geometric entropy, which we call the proto-area entropy, is defined as

SPA (V; � (L) ; A) := S(� A) � S(� (R � )
A1

) (3.8)

One notes that the proto-area entropy depends on a triple of quantities — the encoding

map V , the logical state � (L) , and the bipartition of the physical degrees of freedom A; Ā.
For simplicity, we will sometimes drop the arguments it depends on, but it will be clear from

context.

It is clear that S(� A) is analogous to the boundary entropy. In the limit of exact subsystem

complementary recovery, the difference S(� A) � S(� (L)
a ) recovers the area term in [22]. The

same conclusion holds even when the code satisfies only exact subalgebra complementary

recovery and has trivial area operator. The recovery unitary R that maximizes the coherent

information I c(NR) defines a channel NR that correctly reconstructs the algebraic state � (R � )
Q

of [22] over some von Neumann algebra Q. In this setting, the area term is given by hAi =
S(� A) � S(� (R � )

Q ), which precisely matches the definition of PA entropy.

Heuristically, we can also arrive at the same definition by implicitly treating A1Ā1 as the

IR or low energy Hilbert space in which the matter field degrees of freedom live and A2Ā2 as

the UV or high energy subspace that capture the quantum gravity degrees of freedom which

build up the background geometry.

To define a purely geometry quantity Sgeom that is analogous to the one in the RT

formula, it is natural to subtract the correlation I(A 1 : A2) between the two sectors from

S(� (R � )
A2

), where I(A 1 : A2) = S(� (R � )
A1

)+S(� (R � )
A2

) � S(� (R � )
A1A2

). It then follows that the analog

quantity for area should be

S(� (R � )
A2

) � I(A 1 : A2) = S(� (R � )
A1A2

) � S(� (R � )
A1

) = S(� A) � S(� (R � )
A1

) = SPA (3.9)

Before we proceed, it is helpful to build up some intuition for these entropic quantities by

comparing them with terms in the generalized second law and the quantum extremal surface

(QES) formula [5]

SA = Ext� A

�
A(ΓA)

4GN
+ Sbulk

�
; (3.10)

where ΓA extremizes the sum of its surface area and the “matter” entropy contribution Sbulk .

In AdS/CFT, the QES formula decomposes boundary entropy into bulk entropy within

the entanglement wedge and an area term evaluated on a state-dependent extremal surface.

In our framework, the entropy of a physical subsystem A plays the role of generalized entropy
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while the optimally recoverable bulk state plays the role of the bulk entropy. The proto-area

captures the geometrical contribution to the boundary entropy, which will consist of two parts:

a fixed background area term which is always present, and an additional state-dependent

correction in the case where bulk reconstruction is imperfect. This state dependence captures

gravitational effects that allow the extremal surface area to vary, in close analogy to QES

formalism 4.

Note that generally SPA(V; � (L) ; A) need not coincide with SPA(V; � (L) ; Ā) and is ex-

pected when complementary recovery is broken by the no-man’s land when discussing QES.

Such effects have also been observed in specific models [20, 21, 25].

4 General properties of the Proto-area entropy

We will now prove that deviations from exact erasure correction codes will yield monotonic

dependence of proto-area on bulk entanglement or bulk entropy depending on whether the

encoded state is pure or mixed. Specifically, the averaged SPA over random local unitary

encoding RA; R �A is a monotonically increasing function of the “bulk entropy”, which is equal

to the entanglement entropy of the logical state when it is pure and the thermal entropy

when it is mixed. This dependence is qualitatively consistent with what one expects extremal

surface areas to change in the presence of gravity.

We begin with a general subsystem exact erasure-correction code, where the encoded

state is given by

j  ̃ (0) i = V (0) j i ; (4.1)

for j i 2 H L. The erasure-correcting property ensures that, for any bipartition into subsys-

tems A and Ā, this encoded state admits the decomposition

j  ̃ (0) i = R (0)y
A R(0)y

�A j i A1 �A1
j�i A2 �A2

; (4.2)

for some recovery unitaries R(0)
A and R(0)

�A . We now consider a skewed code [20] obtained by

perturbing the encoding isometry V (0) to V (ϵ) .

By the Stinespring dilation theorem, the isometry V (0) can be built using a unitary

encoding circuit U(0) with the addition of ancillae initialized at some fixed state, e.g. j0i.
Without loss of generality, assume that the circuit has a structure U(0) =

Q K
k=1 Uk, where k

labels the layer of encoding circuit. The deformation is implemented by inserting a unitary

eiϵWk close to the identity at each layer of the circuit. Since any local unitary deformation

can be propagated through the circuit, all such operators can be equivalently pushed to the

4We emphasize that this is merely an analogy to build up a more concrete mental image | the connection
between the proto-area and the actual area term in the QES formula in holography is still far from precise, as
we will discuss in the next section.
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output layer, yielding

U(ϵ) =

KY

k=1

eiϵWk Uk

=

KY

k=1

 
k�1Y

i=1

Ui eiϵWk (

k�1Y

i=1

Ui)
y

!

U(0)

:=eiϵWU(0) :

(4.3)

where W is a Hermitian operator that captures the effective deformation operator acting on

the boundary with norm
p

Tr[W yW ] � d χ and dχ is the Schmidt rank of j�i. Accordingly,

the encoded state of the skewed code takes the form

j  ̃i = e iϵWV (0) j i : (4.4)

To recover the logical information from the skewed code, the original recovery unitaries

R(0)
A and R(0)

�A of the exact erasure-correcting code are no longer sufficient. We denote the

optimal recovery unitaries of the deformed code as R(ϵ)
A and R(ϵ)

�A .

After applying recoveries the boundary state becomes

R(ϵ)
A R(ϵ)

�A j  ̃i =R (ϵ)
A R(ϵ)

�A eiϵW j  ̃ (0) i

=R(ϵ)
A R(ϵ)

�A eiϵWR(0)y
A R(0)y

�A j i A1 �A1
j�i A2 �A2

:=eiϵWR j i A1 �A1
j�i A2 �A2

;

(4.5)

where we have combined the perturbation with the recovery into a single operator eiϵWR .

Taking the outer product of Eq. (4.5) gives

� (R (�) )
A �A = eiϵWR

�
j ih j A1 �A1


j�ih�j A2 �A2

�
e�iϵW R : (4.6)

The boundary state on A is obtained by tracing out Ā,

� (R (�) )
A1A2

:= Tr �A

�
� (R (�) )
A �A

�
: (4.7)

The recovered bulk state (supported on A1) is obtained by further tracing out the auxiliary

subsystem A2,

� (R (�) )
A1

:= TrA2 �A

�
� (R (�) )
A �A

�
= TrA2

�
� (R (�) )
A

�
: (4.8)

For simplicity, in the remainder of this section we restrict our analysis to the case where

the entanglement spectrum of j�i across A 2Ā2 is flat 5, and defer the discussion of the more

general case to Sec. 4.3.

First we show that the proto-area (PA) entropy is related to the relative entropy difference

between boundary and bulk state, as in the following theorem.

5 It is helpful to think of the undeformed code as a stabilizer code, but the results apply to slightly more
general codes that have 
at spectra. The entanglement spectrum of j�i in stabilizer codes not only has to be

at, but also has to have Schmidt rank q ‘ for codes over qudits with local dimension q.
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Theorem 4.1. Suppose the state j�i of the undeformed code has a flat entanglement spectrum

across A2Ā2 for a bipartition A and Ā of the physical degrees of freedom. Respectively, let

� (R (�) )
A1A2

and � (R (�) )
A1

denote the recovered boundary state on A1A2 and the recovered bulk state on

A1 for an erasure-correcting code whose encoding isometry V (0) is perturbed by a small unitary

eiϵW , so that V (ϵ) = eiϵWV (0) . Let � (R (0) )
A1A2

and � (R (0) )
A1

denote the corresponding recovered states

of the exact (undeformed) code, which are the states defined in (4.7) and (4.8) by taking � ! 0.
Then the proto-area entropy satisfies

SPA(V (ϵ) ; � (L) ; A) = S(�) � S corr(V (ϵ) ; � (L) ; A); (4.9)

where

Scorr (V (ϵ) ; � (L) ; A) = D
�

� (R � (�) )
A1A2

jj� (R � (0) )
A1A2

�
� D

�
� (R � (�) )
A1

jj� (R � (0) )
A1

�
(4.10)

� = Tr �A2
[j�ih�j], and D(�jj�) denotes the relative entropy between states � and �.

Proof. See Appendix A.1.

Now we rewrite the equation above as

D(� (R � (�) )
A1A2

jj� (R � (0) )
A1A2

) = S(0)
PA(A) � S (ϵ)

PA(A) + D(� (R � (�) )
A1

jj� (R � (0) )
A1

) (4.11)

Note that this equation is reminiscent of the JLMS relation in AdS/CFT, which states that

the relative entropy of boundary state variations equals that of the corresponding bulk state

variations at leading order in O(G�1
N ). The relation was later generalized to the quantum

JLMS (qJLMS) relation by incorporating quantum corrections [45]:

D(� boundary jj� boundary) =

�
AX�

4GN
�

AX�

4GN
+ K X�

bulk,ξ � K X�
bulk,ρ

�

ρ

; (4.12)

where � boundary and � boundary are two distinct boundary states. K X�
bulk,ξ and K X�

bulk,ρ are the

bulk modular Hamiltonians, with the partition determined by the coordinate X ρ/ξ of the

quantum extremal surface. Despite the structural similarity, an essential distinction is that

in the qJLMS relation, the variation originates from changes of the state in the code subspace,

whereas in our case, the variation is induced by a skewing of the code subspace itself.

In general, SPA is a complicated functional of the bulk state. Since our primary interest

is to understand how the area term depends on bulk entanglement between the “entanglement

wedges” a and ā in the bulk and not details the state within each subsystem, we will average

over the logical states UaU�a j i L over the Haar ensemble that leave the bulk entanglement

invariant, and we define the averaged proto-area entropy hSPAi by taking the ensemble average

over such local unitaries. In other words, the optimized recovery now only depends on the

bulk entanglement structure between the wedges, as the details of the state is integrated out

by the averaging 6.

6Note the similarity of entanglement-dependent de�nitions here and in [29].
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Figure 4. Left: AdS picture for a mixed bulk state supported in the entanglement wedge EW(A).
The shaded region denotes bulk degrees of freedom in EW(A), and the red dotted line to the external

system r indicates that these bulk degrees of freedom are mixed because they are entangled with r.
The complementary wedge EW(Ā) is taken to contain no relevant bulk degrees of freedom in this

setup. We assume the bulk information in EW(A) is approximately recoverable from the boundary

region A. Right: Circuit representation of the same setting. The logical state � (L) is a mixed state

on HL, encoded by the isometry V into HA 
 H �A. Independent recovery maps RA and R �A act on

the boundary regions, producing the recovered reduced states � (R)
A1

. We focus on the recovery of bulk

information from A, treating the resulting map as an effective channel from H L to HA1 , with the joint

state � (R)
A �A encoding the correlations with the complementary region.

To examine how hSPAi varies as a function of bulk entanglement, we consider two rep-

resentative scenarios: In the first case, the bulk qubits are entangled with external reference

systems, which is equivalent to having the bulk state as mixed. In the second case, the bulk

degrees of freedom form a pure state shared between the two bulk subregions a and ā.

4.1 Mixed bulk state

In this section, we first consider a special case where all the bulk qubits are approximately

recoverable from A, and are entangled with some external reference system. In other words,

the encoded state is mixed (Figure. 4). Then we show that the proto-area entropy has the

property detailed in the following theorem.

Theorem 4.2. Assume that j�i has flat entanglement spectrum in the undeformed code

following a bipartition into A and Ā. Consider encoding a mixed state � into the bulk which

can be purified into Bell-like states (
P

i

p
� ijiijii) 
ℓ for some local basis fjiig with the addition

of a reference r. In leading order of �, the bulk-unitary-averaged correction to the proto-area

entropy, hScorr i, is non-negative and decreases monotonically with the amount of bulk entropy.

Proof. By averaging the proto-area entropy over the bulk local unitaries, we derive the fol-

lowing equation for the proto-area entropy correction up to O(� 2) (The details of derivation
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Figure 5. Top: The proto-area surface in a holographic stabilizer codes is unchanged by the encoded

logical information, similar to the RT surface in holography where the bulk background geometry is

fixed. Bottom: a magic-enriched code where the encoding circuits are skewed away from the exact

encoding maps now permits the area of the surface to become state-dependent, an effect observed in

QES and systems with gravitational backreaction in holography.

are in Appendix A.2.),

hScorr i =
� 2

2
(c1f 1(�) + c 2f 2(�)) + c 3; (4.13)

where c1, c2, c3 are non-negative coefficients only depending on WR in Eq. (4.5). Both

f 1(�) and f 2(�) are function of the eigenvalues � i of the input logical mixed state. They are

monotonically decreasing functions of the matter entropy Smatter (�).

Corollary 4.1. In leading order perturbation, hS PAi increases monotonically with bulk en-

tropy.

Note that this increase in the “area” of a surface in the presence of bulk or matter

entropy is analogous to how the area of the quantum extremal surface could shift in the

presence of bulk entanglement [5, 46] (Figure 5). A similar shift can also be observed when

gravitational back-reaction is incorporated [1, 47, 48]. In Appendix G, we also explicitly

reproduce one such scenario in AdS3 where the classical extremal surface area will increase

in response to an increase of bulk entropy. Such behaviors have also been observed in some
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tensor network models such as [19, 20] which are approximate quantum codes where it has

been argued to mimic gravitational features. However, we hasten to point out that this change

in the quantum information theoretic quantity does not yet have a clear correspondence with

either effect beyond the current qualitative similarity. This is because it is unclear if the

extremization in the usual quantum extremal surface can be related to our optimal recovery

condition. A similar correspondence with backreaction also requires further analysis to clarify

its connection with, e.g., the linearized Hamiltonian constraint, in specific families of the code.

We note that the lack of a more precise correspondence with spacetime and gravity is difficult

at this level of generality because not all quantum codes admit spacetime descriptions. We

will leave a rigorous analysis of its physical meaning in specialized quantum codes to future

work.

The optimal recovery is obtained by maximizing the coherent information between the

reference system and the recovered bulk state over the choice of local recovery unitaries R(ϵ)
A

and R(ϵ)
�A . We prove the following lemma regarding optimization:

Lemma 4.1. The optimal recovery, defined in Eq. (3.3), is achieved when c 1(WR) = 0 in

Eq. (4.13).

The proof is given in the appendix (A.3). There we show (i) by an appropriate choice of

the local recovery, one can always set c1(WR) to zero, achieving the optimum, and (ii) c2(WR)

is invariant under such variations of the local recovery, and hence can be regarded as function

of the encoding unitary, c2(V ). Therefore, in the case where the bulk is in a mixed state, the

PA entropy takes on a universal behavior where it only depends on the perturbation via the

parameter c2(V ). We will show later that it is precisely connected to non-local magic when

the unperturbed system is a stabilizer code.

4.2 Pure bulk state

The bulk can also take on more general quantum states. Next, we consider the case where

the logical state is any pure state j i which may be entangled between the bulk subregions a
and ā. Any such state can be written in the form

j i L =
dX

i=1

p
� i jii a jii �a (4.14)

for some Schmidt basis and coefficients
p

� i (Figure 6). We discover a similar dependence of

the PA entropy on the entanglement spectrum f� ig. The corresponding encoded boundary

state takes the form of Eq. (4.5), partitioned into the subsystems A1, Ā1 (supporting the

recovered state) and A2, Ā2 (representing the geometric part). Similar to the previous setting,

we study typical input logical states by averaging over logical local unitaries over a and ā (or

A1 and Ā1 via an isomorphism). Let W denote the skewing matrix defined in Eq. (4.4). We

then establish the following result for the skewed erasure-correcting code:
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Figure 6. Left: AdS picture, where the bulk degrees of freedom are in a pure but generally

entangled state. Internal entanglement within a; ā are permitted, but they do not contribute to the

entropy dependence. Therefore they are not shown in the figure. Right: Circuit representation of the

same setup. The logical state � (L) is a pure state on Ha 
 H �a , with the red dotted lines indicating

entanglement between a and ā. This state is encoded by the isometry V into HA 
 H �A, followed by

independent recovery maps RA and R �A. The outputs define the recovered reduced states � (R)
A1

, � (R)
�A1

,

and the joint state � (R)
A �A .

Theorem 4.3. Assume that j�i has flat spectrum in the undeformed code. For a random

choice of the skewing matrix W , drawn from the Gaussian Unitary Ensemble (GUE), the

averaged PA entropy of subregion A is typically a monotonically increasing function of the

bulk entanglement in leading order of �. The probability that the PA entropy exhibits this

monotonic behavior scales as O(1 � e �d 2
), where d is the dimension of bulk Hilbert space La.

Proof. Let dim L a = d;dim L �a = d̄. As detailed in Appendix A.4, we obtain the following

expression up to O(� 2) for the correction to the PA entropy of subregion A:

hScorr i =
� 2

2

�
k1f 1(�) + k 2f 2(�) + k 3

�
f 3(�) �

1

d2 (1 +
d
d̄
)f 2(�) +

1

d2 f 1(�)
�

+ k4

�
f 3(�) �

1

dd̄
f 1(�)

�
+ k5 (f 2(�) � f 1(�)) + k 6

�
;

(4.15)

where the parameters k1; � � � ; k6 are independent, non-negative functions of the matrix WR

(defined in Eq. (4.5)). All three functions f 1(�), f 2(�) and f 3(�) are monotonically decreasing

functions of the bulk entanglement, while the combination f 2(�) � f 1(�) is monotonically

increasing.

In Appendix A.4 we show that Scorr(A) decreases monotonically with bulk entanglement

whenever k5 < k 3. For a typical random choice of W from the GUE, the expected ratio

between these two coefficients satisfies
Dk5

k3

E

GUE
=

1

d2 ; (4.16)

and the probability of violating the inequality k5 < k 3 happens at probability

P (k5 � k 3) � O(e �d 2
): (4.17)
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Similar to the case with mixed bulk state, the optimal recovery is obtained by maximizing

the coherent information between reference system and the recovered bulk state. We prove

the following lemma regarding optimization in Appendix A.4.

Lemma 4.2. The optimal recovery, defined in Eq. (3.3), is achieved when k 1(WR) = 0 in

Eq. (4.15).

The increase in the PA entropy can be similarly compared to the increase of QES area in

holography [46] where the extremal surface can increase in the presence of bulk entanglement

to reduce the amount of generalized entropy contribution from bulk entanglement.

4.3 Perturbing general erasure correction code

We further extend our results to general codes with approximate subsystem complementary

recovery. First we show that the skewing condition specified in Eq. (4.5) is equivalent to the

approximate Knill-Laflamme (KL) condition.

Theorem 4.4. Let H P = HA 
 H �A be the physical Hilbert space, and let C � H P be a code

subspace isomorphic to a logical Hilbert space L = L a 
 L �a of dimension dL := dimL. Fix

an orthonormal basis fji LigdL
i=1 of L and an isometry V : L ! H P . Denote the corresponding

codewords by

j ĩi := V ji Li 2 C:

Then the following two statements are equivalent.

1. Approximate Knill{La
amme (aKL) conditions. There exist completely positive

linear maps

E �A : B(H �A) ! B(L �a ); EA : B(HA) ! B(L a);

and families of sesquilinear error functionals fY ij( � )gdL
i,j=1 and f Ȳij( � )gdL

i,j=1 such that

for all i; j and all X �A 2 B(H �A), X A 2 B(H A),

h̃ij (I A 
 X �A) j j̃i = hi Lj(I a 
 E �A(X �A))jj Li + � Y ij(X �A);

h̃ij (X A 
 I �A) j j̃i = hi Lj(EA(X A) 
 I �a )jj Li + � Ȳij(X A):
(4.18)

2. Approximate recovery up to �xed ancillas. Introduce auxiliary systems E and Ē
initialized in a fixed product state j0i E �E 2 H E 
 H �E, and consider the enlarged physical

space

HP 0 := HAE 
 H �A �E ; HAE := HA 
 H E ; H �A �E := H �A 
 H �E :

Assume that HAE and H �A �E admit the following decompositions

HAE ’ (H A1 
 H A2 ) � H A3 ; H �A �E ’ (H �A1

 H �A2

) � H �A3
;
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together with identifications HA1 ’ L a and H �A1
’ L �a . Then there exist unitaries RAE

on HAE and R �A �E on H �A �E, a fixed state j�i 2 H A2 
 H �A2
independent of i, and a

Hermitian operator W on HP 0 such that for every i,

j ĩi 
 j0i E �E = eiϵ0W (Ry
AE 
 R y

�A �E)
�

jii A1 �A1

 j�i A2 �A2

�
: (4.19)

Here jii A1 �A1
is the image of ji Li 2 L a 
 L �a under the fixed identifications L a ’ H A1

and L �a ’ H �A1
.

Parameter relations. For the implication (1))(2), given �, Y ij and Ȳij, one can choose

W and � 0 such that

� 0kW k2 � �
p

� dL

� p
dA kY k +

q
d �A kȲ k

�
; (4.20)

where

kY k:= sup
kXk�1

max
i,j

jYij(X)j; k Ȳ k:= sup
kXk�1

max
i,j

jȲij(X)j:

Conversely, for (2))(1), given W and � 0, the error functionals can be chosen so that

� maxfkY k; k Ȳ kg � 2� 0kW k2: (4.21)

See Appendix A.6 for proof. Starting from Eq. (4.19) with general fixed state j�i, we
show that results analogous to Theorem 4.2 and Theorem 4.3 still hold.

Theorem 4.5. For general state j�i with entanglement spectrum f� ng, and the input bulk

state is a mixed state with spectrum f� ig, the local-unitary-averaged PA entropy is hSPAi =
S(�) � hS corr i, with hScorr i taking the following form:

hScorr i = �c 0 +
� 2

2

X

mn

(cmn
1 f mn

1 (�) + c mn
2 f mn

2 (�) + c mn
3 ) : (4.22)

where c0, cmn
1 and cmn

2 , cmn
3 are non-negative function of WR and �. f mn

1 (�) and f mn
2 (�)

depend on � n and � m. They are all monotonic decreasing function of the bulk entropy.

See Appendix A.7 for details of the proof. This result implies that the averaged PA

entropy is a monotonic increasing function of the bulk entropy when the input logical state

is mixed. Similarly, for the case with pure logical state, we have the following generalization:

Theorem 4.6. For general j�i A2 �A2
with entanglement spectrum f� ng, and the input logical

state is pure with entanglement spectrum f� ig shared by the subregion A1 and Ā1, the averaged

PA entropy of subregion A is hSPAi = S(�) � hS corr i, where hScorr i takes the following form:

hScorr i =�k 0 +
� 2

2

X

mn

�
kmn

1 f mn
1 (�) + k mn

2 f mn
2 (�) + k mn

3

�
f mn

3 (�) �
1

d2 (1 +
d
d̄
)f mn

2 (�)

+
1

d2 f mn
1 (�)

�
+ kmn

4

�
f mn

3 (�) �
1

dd̄
f mn

1 (�)
�
+ kmn

5 (f mn
2 (�) � f mn

1 (�)) + k mn
6

�
;

(4.23)
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where dim L a = d, dim L �a = d̄. The parameters k0; kmn
1 ; � � � ; kmn

6 are independent, non-

negative functions of the matrix WR (defined in Eq. (4.5)). The functions f mn
1 (�), f mn

2 (�)
and f mn

3 (�) depend on � n and � m, and are monotonically decreasing functions of the bulk

entanglement, while the combinations f mn
2 (�) � f mn

1 (�) are monotonically increasing.

Proof can be found in Appendix A.8. For WR drawn from the Gaussian random ensemble,

one can analyze the typical behavior of PA entropy similarly as in Theorem 4.3. In the large

d and d̄ limit, the typical PA entropy correction in the non-flat case is dominated by the

block-summed f mn
3 sector,

hScorr i =
� 2

2

X

m,n

(kmn
3 + kmn

4 ) f mn
3 (�) + O

�
1

d2

�
+ O

�
1

d̄2

�
(4.24)

and therefore decreases monotonically as a function of bulk entropy.

5 Non-local Magic in Skewed Stabilizer codes

The above analysis implies that in the limit of large logical Hilbert space, the typical behavior

of the PA entropy correction will depend only the entanglement of the logical information,

with the strength of the coupling dominated by c2 if the logical state is mixed, and by k2 if

the state is pure. Now we show that these couplings are given by the amount of non-local

tripartite magic in the system. Importantly, the relevant magic here has to be non-local to

reproduce features of gravity [26, 39] — any local or bipartite non-Clifford deformations can

be absorbed into the recovery unitaries and therefore cannot correlate the recovered bulk

degrees of freedom with the geometric entanglement.

Let us now be more precise by defining the magic of a quantum code.

De�nition 5.1 (Magic of code). Let jV i be the Choi state of a code associated with an

encoding map (usually an isometry) V : HL ! H P where

jV i =
1

p
dL

dLX

i=1

jii r j ĩi =
1

p
dL

dLX

i=1

jii r V jii L ; (5.1)

and dL := dimHL. The magic of the code is defined as

M(V ) := M(jV i); (5.2)

for some magic measure M.

The magic measure we will use is the Stabilizer Renyi Entropy (SRE) [49] because of its

computability. The SRE of a state j�i is defined as,

M α(j�i) :=
1

1 � �
log

 

2�n
4nX

t=1

jh�j P t j�i j 2α

!

; (5.3)
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where n is the total number of qudits in j�i. It is a magic monotone when � � 2 [50].

In the general context of perturbing away from stabilizer codes, let us now define the

perturbative tripartite non-local magic.

De�nition 5.2 (perturbative tripartite non-local magic). Let j�i be a quantum state over n
subsystems A1; A2; : : : ; An. The perturbative tripartite nonlocal magic is defined as

M NL(j�i) = min
8σ,TA i A j

M

0

@
Y

ij

eiϵTA �(i) A �(j) j�i

1

A ; (5.4)

where the minimization is done at the leading order of � over any Hermitian operator TAi Aj

restricted to subsystems A i; Aj ; i 6= j and any permutation of the indices �(i) = i 0.

For the following, we will restrict ourselves to the case where the encoding unitary is close

to Clifford, so that the base code we perturb from is a stabilizer code. To inject magic, now

consider a skewed stabilizer code with encoding map V (ϵ) satisfying the subsystem erasure-

correction as in Eq. (4.2) with perturbation eiϵW (c.f. [20] for skewed codes). The skewing

generally injects magic into the code, some of which is non-local, as W has support over the

entire system. This provides the necessary condition for emerging gravitational features [39].

For a skewed stabilizer code, the Choi state jV (ϵ) i is locally Clifford-equivalent to

jV (ϵ)
R i := R (0)

A R(0)
�A jV (ϵ) i =

1
p

dL

dLX

i=1

jii r 
 e iϵWR jii A1 �A1
j�i A2 �A2

; (5.5)

where R(0)
A and R(0)

�A are the Clifford recovery unitaries for the unperturbed (� = 0) stabilizer

code, and

WR := (R(0)
A 
 R (0)

�A )W (R(0)
A 
 R (0)

�A )y: (5.6)

We then define the perturbative tripartite nonlocal magic of the code by

M NL
�

V (ϵ)
�
:= M NL

�
jV (ϵ)

R i
�

; (5.7)

Taking the case where ā (or equivalently Ā1) is empty, the parameter c2 in the PA entropy

calculation (see Theorem 4.2) is exactly given by the perturbative tripartite non-local SRE

M NL
α (V (ϵ) ), up to constant prefactor.

Theorem 5.1. Let V (ϵ) be a skewed stabilizer code, and subregion A approximately recovers

the entire bulk state. In leading order of �, the PA entropy correction hScorr(V (ϵ) ; � (L) ; A)i is
proportional to M NL

α (V (ϵ) ). More specifically,

hScorr(V (ϵ) ; � (L) ; A)i =
� � 1
2�

�
1 �

1

d2

� �1
M NL

α (V (ϵ) )f 2(�) + const; (5.8)

where f 2(�) is a function of the spectrum of the input mixed logical state.

– 21 –



See proof in Appendix B.

For the case where neither a nor ā is empty, the perturbative tripartite non-local magic

M NL
α (V (ϵ) ) is directly related to the parameters k2; � � � ; k5 that appear in the PA entropy

calculation when the encoded state is pure (see Theorem 4.3).

Theorem 5.2. Let V (ϵ) be a skewed stabilizer code, encoding a pure bulk state. To leading

order in �, the perturbative tripartite non-local magic of the code is

M NL
α (V (ϵ) ) =

�� 2

(� � 1)

�
(1 �

1

d2 )(1 �
1

d̄2 )(k3 + k4) + (1 �
1

d2 )k2 + (1 �
1

d̄2 )k5

�
+ O(� 3);

(5.9)

in terms of the stabilizer �-Renyi entropy.

Corollary 5.1. To leading order in �, and in the limit of large logical Hilbert-space dimensions

d; d̄ � 1, the typical PA-entropy correction satisfies

hScorr i =
� � 1
2�

(1 �
1

d2 )
�1 (1 �

1

d̄2 )
�1 M NL

α (V (ϵ) )f 3(�) + O(
1

d̄2 ) + O(
1

d2 ): (5.10)

At finite d; d̄, there is residual coupling between bulk entanglement and some function of

W which should be better understood. We will leave this for future work.

Although we have restricted ourselves to perturbations of stabilizer codes for technical

convenience, we conjecture that the notion that non-local magic gives rise to PA variation

is general. Indeed, even if there is local magic that is originally present in the code, it is

known that they also do not contribute to a non-trivial area operator and yielding no PA

dependence on the logical state [26]. However, an extended version of Definition 5.2 and the

above theorems will be needed to account for the initial magic that did not originate from

the non-local perturbation W .

6 Discussion

In this work we studied how deviations from exact quantum error-correcting codes can produce

entropic features reminiscent of gravitational backreaction. We introduced a modified RT-

like entropy decomposition for approximate subsystem erasure-correcting codes and showed

that the resulting proto-area entropy becomes state dependent. In particular, the proto-area

typically increases with the entropy or entanglement of the logical state, closely resembling

the response of extremal surfaces to bulk entropy in the quantum extremal surface (QES)

formula. We further showed that the strength of this response is controlled by a tripartite form

of non-local magic in the encoding. These results apply to a broad class of skewed subsystem

quantum codes and provide toy models capable of reproducing gravity-like entropic behavior

in both hyperbolic and near-flat emergent geometries.

A key lesson is that exact quantum error correction is too rigid to reproduce gravitational

backreaction. In exact erasure-correcting codes, matter and geometric degrees of freedom are

cleanly separated and the area term is necessarily state independent. Approximate recovery
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relaxes this separation, allowing correlations between recoverable bulk degrees of freedom and

the geometric entanglement structure. The absence of backreaction in stabilizer codes can

therefore be traced to the absence of the required non-local quantum resources.

Our analysis also highlights an important distinction between operator reconstruction

and state recovery in approximate codes. While these notions coincide in exact QECCs, they

can diverge when recovery becomes approximate. The framework developed here focuses on

optimal state recovery and entropic quantities rather than operator reconstruction. Clarify-

ing the relation between this entropic picture and operator-based formulations remains an

important direction for further study.

From an algebraic perspective, extending holographic code models beyond the exact-

code regime might require new mathematical tools. Approximate erasure correction breaks

the exact algebraic structures underlying area operators in operator algebra quantum error

correction. Developing a theory of approximate C � or von Neumann algebras may therefore

be helpful for defining geometric observables in approximate codes.

An important open question is the geometric interpretation of the proto-area entropy. Al-

though its monotonic increase with bulk entropy resembles the behavior of quantum extremal

surfaces, it remains unclear whether the proto-area corresponds to the area of a backreacted

extremal surface, the quantum extremal surface area, or some other entropic quantity.

Moving beyond AdS/CFT, it is natural to ask whether specific subclasses of approximate

quantum codes can reproduce the entanglement equilibrium conditions that lead to linearized

Einstein equations in near-flat geometries [16]. The perturbations considered in this work do

not satisfy these conditions, but localized bulk entanglement perturbations may produce

relations with the correct qualitative structure.

In summary, our results point toward a broad information-theoretic perspective on emer-

gent gravity, in which tripartite non-local magic serves as the resource that enables corre-

lations between bulk matter and geometric entanglement. Because this behavior arises in

a wide class of skewed quantum codes generated by non-Clifford circuits, such phenomena

may also be experimentally realizable on near-term quantum devices. Exploring these sys-

tems may therefore provide an informative route for probing emergent spacetime dynamics

in controllable quantum platforms.
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A Proof of theorems

A.1 Theorem 4.1

Proof. Let � (R (�) )
M denote the recovered algebraic state corresponding to the skewed code, and

� (R (0) )
M the recovered state of the exact code. We define their difference by

�� (R (�) )
A1A2

:= � (R (�) )
A1A2

� � (R (0) )
A1A2

; �� (R (�) )
A1

:= � (R (�) )
A1

� � (R (0) )
A1

: (A.1)

These variations satisfy

Tr
�

�� (R (�) )
A1A2

�
= 0; �� (R (�) )

A1
= TrA2

�
�� (R (�) )

A1A2

�
: (A.2)

For notational simplicity, in the remainder of this section we abbreviate

� (ϵ)
M := � (R (�) )

M ; � (0)
M := � (R (0) )

M
(A.3)

First we show that the following combination vanishes to all orders in �:

Tr
�

�� (ϵ)
A1A2

ln � (0)
A1A2

�
� Tr

�
�� (ϵ)

A1
ln � (0)

A1

�
� Tr (�� ln �) = 0; (A.4)

where

�� = Tr A1

�
�� (ϵ)

A1A2

�
: (A.5)

Moreover, for the undeformed code the recovered state factorizes as

� (0)
A1A2

= � (0)
A1


 � A2 : (A.6)

Using ln(X 
 Y ) = lnX 
 I + I 
 lnY , together with (A.6) and the trace relation defining

��, immediately yields (A.4).

With this identity, we compute

SPA = �Tr
�

� (ϵ)
A1A2

ln � (ϵ)
A1A2

�
+Tr

�
� (ϵ)
A1

ln � (ϵ)
A1

�

+Tr
�

�� (ϵ)
A1A2

ln � (0)
A1A2

�
� Tr

�
�� (ϵ)

A1
ln � (0)

A1

�
� Tr (�� ln �)

= �Tr
�

� (0)
A1A2

ln � (0)
A1A2

�
+Tr

�
� (0)
A1

ln � (0)
A1

�

�
�

D
�

� (ϵ)
A1A2

k� (0)
A1A2

�
� D

�
� (ϵ)
A1

k� (0)
A1

� �
� Tr (�� ln �) : (A.7)

By the factorization (A.6), the first line of (A.7) reduces to S(�). In the special case where

� has a flat entanglement spectrum across A 2Ā2, we have �� = 0, and hence

SPA = S(�) �
�

D
�

� (ϵ)
A1A2

k� (0)
A1A2

�
� D

�
� (ϵ)
A1

k� (0)
A1

� �
; (A.8)

which is the desired relation, with Scorr given by the difference of relative entropies.
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A.2 Theorem 4.2

Proof. Based on Theorem 4.1, we expand the boundary and bulk relative entropies D
�

� (ϵ)
A1A2

k� (0)
A1A2

�

and D
�

� (ϵ)
A1

k� (0)
A1

�
to leading order in �. Since relative entropy is non-negative and vanishes

at � = 0, the leading contribution appears at order O(� 2). For any subsystem M � A Ā, with
complement M̄ , we define the corresponding reduced recovered state by

� (ϵ)
M = Tr �M

h
� (ϵ)
A �A

i
: (A.9)

For a general subsystem M , we obtain

D
�

� (ϵ)
M k� (0)

M

�
= Tr

�
� (ϵ)
M � ln � (0)

M

�

= Tr
�

� (0)
M � ln � (0)

M

�
+Tr

�
�� (ϵ)

M � ln � (0)
M

�

= � 2 Tr
�

� (0)
M D ln(�

(0)
M )

h
� (2) � M

i�

� � 2 Tr
�

� (0)
M D 2

ln(�
(0)
M )

h
� (1) � M ; � (1) � M

i�

+ � 2 Tr
�

� (1) � M D ln(�
(0)
M )

h
� (1) � M

i�
+ O(� 3)

=
� 2

2
Tr

�
� (1) � M D ln(�

(0)
M )

h
� (1) � M

i�
+ O(� 3); (A.10)

where we expand the perturbed state as

� (ϵ)
M = � (0)

M + �� (ϵ)
M = � (0)

M + � � (1) � M +
� 2

2
� (2) � M + O(� 3): (A.11)

where � (1) � M and � (2) � M denote the first- and second-order corrections in the perturbative

expansion in �, and M denotes the subsystem of interest. We will use this expansion and

notation throughout the paper for any subsystem M under consideration. For any positive

operator A, we define D ln (A)[X] as the Fréchet derivative of lnA at A in the direction X,

namely

D ln (A)[X] :=

Z 1

0
(A + sI) �1 X(A + sI) �1 ds: (A.12)

Using Eq. (A.8) and Eq. (A.10), for flat � spectrum, we obtain

Scorr =
� 2

2

"

Tr
�

� (1) � A1A2 D ln (�
(0)
A1A2

)[� (1) � A1A2 ]
�

� Tr
�

� (1) � A1 D ln (�
(0)
A1

)[� (1) � A1 ]
� #

: (A.13)

In this setting, we have jĀ1j= 0 and Ā2 = Ā. To allow for a mixed logical input, we

purify � (L) by introducing a reference system r and a pure state j i Lr such that

� (L) = Trr(j ih j Lr) ; j i Lr =
dX

i=1

p
� i jii L jii r; (A.14)
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where f� ig is a probability distribution and d = dim(HL) = dim(H r). After encoding and

recovery, the joint state on AĀ is given by:

� (ϵ)
A �A = Trr

h
eiϵWR

�
j ih j rA1 
j�ih�j A2 �A

�
e�iϵW R

i
; (A.15)

together with its reduced states on the boundary A1A2 and on the bulk factor A1,

� (ϵ)
A1A2

= Trr �A

h
eiϵWR

�
j ih j rA1 
j�ih�j A2 �A

�
e�iϵW R

i
;

� (ϵ)
A1

= TrrA2 �A

h
eiϵWR

�
j ih j rA1 
j�ih�j A2 �A

�
e�iϵW R

i
:

(A.16)

Here, WR acts trivially on the reference subsystem r. In the unperturbed limit � ! 0 the

unitary drops out and the states factorize as

� (0)
A �A = Trr(j ih j rA1 ) 
 j�ih�j A2 �A; (A.17)

� (0)
A1A2

= Trr(j ih j rA1 ) 
 � A2 ; (A.18)

� (0)
A1

= Trr(j ih j rA1 ) ; (A.19)

where we use the shorthand

� A2 �A := j�ih�j A2 �A; � A2 := Tr �A
�
� A2 �A

�
: (A.20)

Finally, in the Schmidt basis of the purification (A.14) the reduced state on A1 is diagonal

with eigenvalues f� ig, and hence admits the spectral decomposition

� (0)
A1

=

dX

i=1

� i jiihij A1 ; d = dim(HA1 ): (A.21)

We now turn to the evaluation of the Haar-averaged correction, hScorr i, obtained by

averaging over local unitaries acting on the logical subsystem � (L)
a , or equivalently, on the

recovered bulk subsystem A1. Concretely, for any operator X supported on A 1 (or on A1A2

with trivial action on A2), we define its Haar-rotated version by conjugation with a unitary

U on A1,

� (0)
A1

(U) := U � (0)
A1

Uy; � (0)
A1A2

(U) := (U 
 I A2 ) � (0)
A1A2

(Uy 
 I A2 ); (A.22)

and similarly for the perturbative corrections � (1) � A1 (U) and � (1) � A1A2 (U). We then average

over U with respect to the Haar measure dU on U(d), where d = dim(HA1 ).

Using the second-order entropy expansion, the Haar-averaged correction takes the form

hScorr i =
� 2

2

Z
dU

"

Tr
�

� (1) � A1A2 (U)D ln(�
(0)
A1A2

(U))
h
� (1) � A1A2 (U)

i�

� Tr
�

� (1) � A1 (U)D ln(�
(0)
A1

(U))
h
� (1) � A1 (U)

i� #

: (A.23)
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Next, we expand the recovered reduced states perturbatively in �. In the unperturbed limit

the joint state on AĀ factorizes as

� (0)
A �A = � (0)

A1

 � A2 �A; (A.24)

The first-order corrections to the reduced states on A1A2 and A1 are obtained by expanding

the perturbation eiϵWR to linear order and tracing out the appropriate subsystems. This

yields

� (1) � A1A2 = i Tr �A

�
[WR; � (0)

A1

 � A2 �A]

�
; (A.25)

� (1) � A1 = i TrA2 �A

�
[WR; � (0)

A1

 � A2 �A]

�
: (A.26)

A technical point is that the Fréchet derivative D ln (�) is well-defined only when � A1 is

strictly positive. If � A1 has zero eigenvalues, then ln � (and hence D ln (�)) is singular on the

corresponding subspace, which can lead to divergences in (A.23). To avoid this issue, we

assume throughout that the unperturbed reduced states are full rank,

� (0)
A1

> 0; � (0)
A1A2

> 0: (A.27)

Equivalently, one may view this as working with an implicit regularization � (0) 7! (1��)� (0) +

� I=dim and taking � # 0 at the end. We keep the notation uncluttered and proceed under

the full-rank assumption (A.27).

Substituting (A.25)–(A.26) into (A.23), expanding the commutators and using the dia-

grammatic convention described in Appendix (E.3). we obtain

hScorr i =
� 2

2d2
χ

Z
ds

Z
dU

0

BBBBB@
�

+ 2

�
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+
1

dχ

�
2

dχ

+
1

dχ

1

CCCCCA
(A.28)

In the above diagrams, we use the following diagrammatic representation for the state

� A2 �A2
(in this particular case Ā2 = Ā):

� A2 �A2
=

1

dχ
(A.29)

where dχ = dim(HA2 ) = dim(H �A2
). This diagram will be used as a shorthand for � A2 �A2

in

all subsequent figures and contractions.

For the maximally mixed resource on A2 (so that � A2 = I A2 =dχ with dχ := dim(HA2 )),

the corresponding resolvent appearing in D ln simplifies as

�
� (0)
A1


 � A2 + s IA1A2

� �1
=

�
� (0)
A1



I A2

dχ
+ s IA1 
 I A2

� �1

=

 
� (0)
A1

dχ
+ s IA1

! �1


 I A2 := ΓA1 (s) 
 I A2 : (A.30)

Here we have defined

ΓA1 (s) :=

 
� (0)
A1

dχ
+ s IA1

! �1

; (A.31)

which is precisely the object denoted by Γ(s) in our trace-diagram notation. For the bulk

contributions, the corresponding expressions involve an additional overall factor of 1=dχ rel-

ative to the boundary case. Equivalently, at the level of the resolvent factors, this amounts

to using a rescaled ΓA1 (s). The underlying reason is simple: in the bulk term we encounter

the Fréchet derivative acting on � (0)
A1

rather than on � (0)
A1A2

= � (0)
A1


 � A2 . Using the integral
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representation (A.12), the bulk contribution contains factors of the form

D ln(�
(0)
A1

)[Y ] =

Z 1

0

�
� (0)
A1

+ sIA1

� �1
Y

�
� (0)
A1

+ sIA1

� �1
ds; (A.32)

for an operator Y supported on A1 (in our application, Y = � (1) � A1 (U)).

It is convenient to express (A.32) in terms of the same resolvent variable that appears in

the boundary diagrams. Introducing

ΓA1 (s) :=

 
� (0)
A1

dχ
+ sIA1

! �1

; dχ := dim(HA2 ) = dim � A2 ; (A.33)

we use the identity �
� (0)
A1

+ sIA1

� �1
=

1

dχ
ΓA1

�
s

dχ

�
: (A.34)

Substituting (A.34) into (A.32) and changing variables s 7! s=dχ gives

D ln(�
(0)
A1

)[Y ] =

Z 1

0

�
� (0)
A1

+ sIA1

� �1
Y

�
� (0)
A1

+ sIA1

� �1
ds

=
1

dχ

Z 1

0
ΓA1 (s)Y ΓA1 (s) ds: (A.35)

Equation (A.35) explains the extra factor of 1=dχ in the bulk diagrams. For notational

convenience, in the remainder of this section we write Γ(s) in place of ΓA1 (s).
Using the Weingarten calculus and the diagrammatic Haar-averaging rules collected in

Appendix (E.3.2), we can now perform the U -integrals and obtain the expressions below.

hScorr i =
� 2

2d2
χ

Z 1

0
ds

"
1

d2 � 1
R 1(s)

� 1

d
W1 +

1

d
W3 � W 2 � W 4 �

2

d dχ
W8 +

2

dχ
W7

�

+
2

d2 � 1
R 3(s)

�
W5 �

1

d
W6 �

1

dχ
W7 +

1

ddχ
W8

�

+
2

d2 � 1
R 2(s)

� 1

d
W2 +

1

d
W4 �

2

d
W4 � W 1 � W 3 + 2W6

� #

: (A.36)

where Wi and R i(s) are given in Table (1) in Appendix. A neat feature is that, once we

average over the Haar random unitary, the contributions essentially separate: the R terms

depend only on the bulk state � 0
A1

, while the W terms depend only on the skewing matrix

WR.

Now we explicitly perform the integral on s, and obtain the following functions of the

spectrum:

1

dχ

Z 1

0
ds R1(s; � i) =

1

dχ

Z 1

0
dsTr(� 0

A1Γ(s))
2 =

X

ij

Z 1

0
ds

� i� j

(� i + s)(� j + s)
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=
X

i6=j

� i� j

� i � � j
ln

� i

� j
+

X

i

� i (A.37)

1

dχ

Z 1

0
ds R2(s; � i) =

Z 1

0
dsTr((� 0

A1Γ(s))
2) = 1 (A.38)

1

dχ

Z 1

0
ds R3(s; � i) =

1

dχ

Z 1

0
dsTr((� 0

A1 )
2 Γ(s)) Tr(Γ(s)) =

X

ij

Z 1

0
ds

� 2
i

(� i + s)(� j + s)

=
X

i6=j

1

2

� 2
i + � 2

j

� i � � j
ln

� i

� j
+

X

i

� i:

(A.39)

To simplify our notation, we use f(�) to denote functions that depend on the entangle-

ment spectrum f� ig and write S(�) = �
P

i � i log � i as the Shannon entropy. From these two

expressions, define two functions f 1(�) and f 2(�):

f 1(�) :=
1

ddχ

Z 1

0
ds (R3(s; � i) � R 1(s; � i))

=
1

2d

X

i6=j

(� i � � j) ln
� i

� j

= �
X

i

ln(� i)=d � S(�)

f 2(�) :=
1

ddχ

Z 1

0
ds (R3(s; � i) + R 1(s; � i) � d R 2(s; � i))

=

0

@2

d
+

X

i6=j

1

2d
(� i + � j)

2

� i � � j
ln

� i

� j

1

A � 2:

(A.40)

We specialize to the case where bulk qubits are a register of n = log2 d qubits, each entangled

with a reference qubit in r in a parameterised Bell state.

jΦ(�)i = cos � j00i + sin � j11i; : (A.41)

The joint bulk-reference pure state is

jΨ(�)i A1r =

nO

k=1

�
cos � k j0i A1;k j0i rk + sin � k j1i A1;k j1i rk

�
; (A.42)

with angles � = (� 1; : : : ; � n). As discussed before, the resolvent representation of D ln requires

the relevant reduced states to be full rank. For the ansatz (A.42), the reduced state on each

bulk qubit has eigenvalues cos2 � k and sin2 � k, so full rank holds provided both are nonzero.

We therefore restrict to

0 < � k <
�
2

for all k = 1; : : : ; n;
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which ensures � (0)
A1

> 0 and avoids the divergences associated with zero eigenvalues. Tracing

out the reference system r gives

� (L) � � 0
A1 (�) = Tr r(jΨ(�)ihΨ(�)j) =

nO

k=1

 
pk 0

0 1 � p k

!

; pk := cos2 � k: (A.43)

Labeling the computational basis of A1 by bitstrings b = (b1; : : : ; bn) 2 f0; 1g n, the eigenvalues

of � (0)
A1

(� � (L) ) factorises as

� b =
nY

k=1

[pk]1�b k [1 � p k]
bk ; d = 2n: (A.44)

Now, let us define a pair of Hermitian matrices J and D as

J := dχTr �A2

�
fW R; � A2 �Ag

�

D := id χTr �A2

�
[WR; � A2 �A]

� (A.45)

which are diagrammatically represented in Fig. A.46,

Jbj;ai = + � W (1)
bj;ai + W (2)

bj;ai

iD bj;ai = � � W (1)
bj;ai � W (2)

bj;ai

(A.46)

Here, W (1)
bj;ai and W (2)

bj;ai denote the respective contributions from the first and second trace

diagrams. Then hScorr i can be reorganized into,

hScorr i =
1

2
� 2

�
c1f 1(�) + c 2f 2(�) + c 3

�
(A.47)

where we have defined:

c1(J) =
d

2dχ(d2 � 1)

�
TrA1A2 (J

2) �
1

d
TrA2

�
TrA1 (J)

2�
(A.48)

�
1

dχ
TrA1

�
TrA2 (J)

2�
+

1

ddχ
TrA1A2 (J)

2
�

(A.49)

c2(D) =
d

2dχ(d2 � 1)

�
TrA1A2 ((D)2) �

1

d
TrA2

�
TrA1 (D)2� �

(A.50)

c3(D) =
1

dχ(d2 � 1)

�
�

1

d
TrA1A2 ((D)2) + TrA2

�
TrA1 (D)2� �

+ 2c2 (A.51)
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It suffices to show that the three coefficients c1; c2, and c3 are strictly positive and that

the functions f 1 and f 2 are positive and monotonically decreasing in the bulk-entanglement

parameter. Once these ingredients are established, the correction term satisfies hScorr i � 0
and decreases as the bulk entanglement increases. The monotonocity and positivity of f 1

and f 2 has been shown in Appendix C. To show that c1, c2, and c3 are non–negative, we

decompose J and D into orthonormal Pauli basis on A 1 and A2,

J =
X

a,b

pab Pa 
 P b; D =
X

a,b

qab Pa 
 P b;

with Tr(PaPa0) = d� aa0 and Tr(PbPb0) = dχ� bb0, and all non–identity elements traceless. From

this one directly obtains the trace combinations that appear in c1; c2; c3:

TrA1A2 (J
2) = ddχ

X

a,b

p2
ab; TrA2(TrA1 (J)

2) = d2dχ
X

b

p2
0b;

TrA1(TrA2 (J)
2) = dd2

χ

X

a

p2
a0; TrA1A2 (J) = ddχp00

TrA1A2 ((D)2) = ddχ
X

a,b

q2
ab; TrA2(TrA1 (D)2) = d2dχ

X

b

q2
0b: (A.52)

Substituting these expressions into the definitions of c1, c2, and c3 and simplifying yields

c1 =
d2

2(d2 � 1)

X

a6=0, b6=0

p2
ab; c2 =

d2

2(d2 � 1)

X

a6=0, b

q2
ab; c3 =

X

a,b

q2
ab; (A.53)

so each coefficient is a positive constant times a sum of squares of Pauli coefficients, and thus

c1 � 0; c 2 � 0; c 3 � 0: (A.54)

In Appendix C, we further show that the functions f 1(�) and f 2(�) are both monotonic de-

creasing function as we increase the entanglement of each bulk bell pairs defined in Eq. (A.43).

A.3 Lemma 4.1

Proof. The recovery is optimized by choosing a channel R� that maximizes the coherent

information of the logical-to-output map. For a fixed perturbation strength �, the encode–

noise–recover procedure induces an effective quantum channel (cf. Eq. (3.2))

NR(�) : L(H L) �! L(H A1 ); NR(�)

�
� (L)

�
= � (ϵ)

A1
; (A.55)

where � (ϵ)
A1

is the recovered output state on the subsystem A1. In our setup, Eq. (3.2) is

specialized to jĀ1j= 0 and Ā2 = Ā. To quantify the performance of R (ϵ) , we evaluate the

coherent information of NR(�) , defined in Eq. (3.4) as:

I c(NR(�) ) = S(Trr[(NR(�) 
 I r)(jΦdihΦdj)]) � S[(N R(�) 
 I r)(jΦdihΦdj)] : (A.56)
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Figure 7. Circuit picture for optimizing recovery via coherent information. A maximally entangled

state jΦi Lr = 1p
d

P d
i=1 jii L 
 jii r purifies the logical input on HL, with r an isomorphic reference

system. The logical system is encoded by the isometry V , and the boundary region A is acted on

by the recovery map RA (with ancillary outputs A1; A2), while Ā is processed by R �A. This induces

the effective channel NR(�) : L(H L) ! L(H A1 ), with output state � (ϵ)
A1

= NR(�) (� (L) ). The coherent

information I c(NR(�) ) is evaluated on the joint output � (ϵ)
A1 r

and the full state � (ϵ)
A �Ar

, and is maximized

over recovery channels to obtain the optimal recovery R� .

Here jΦdi is a fixed maximally entangled state between the logical input system H L and

an isomorphic reference system H r,

jΦdi =
1

p
d

dX

i=1

jii L 
 jii r; d = dim(HL) = dim(H r); (A.57)

with fjii Lg and fjii rg orthonormal bases of HL and H r.

After encoding, perturbation, and recovery, the joint state on A1r is

� (ϵ)
A1r

= TrA2 �A

h
eiϵWR (� (0)

A1r

 � A2 �A)e

�iϵW R
i

; (A.58)

where � (0)
A1r

� jΦ dihΦdjA1r2 L(H A1 
 H r). The perturbation acts trivially on the reference,

and we will therefore write WR in place of WR 
 I r when no confusion can arise. Tracing out

the reference yields the reduced output state on A1,

� (ϵ)
A1

= Trr � (ϵ)
A1r

: (A.59)

where � (0)
A1

� Tr r � (0)
A1r

= I d=d. This admits the perturbative expansion

� (ϵ)
A1

= � (0)
A1

+ � � (1) � A1 +
� 2

2
� (2) � A1 + O(� 3); (A.60)

with

� (1) � A1 = i TrA2 �A

�
[WR; � (0)

A1

 � A2 �A]

�
; (A.61)
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� (2) � A1 = �Tr A2 �A

� 1

2
fW 2

R; � (0)
A1


 � A2 �Ag � W R (� (0)
A1


 � A2 �A)WR

�
: (A.62)

In this notation, the coherent information of NR(�) takes the standard form

I c(NR(�) ) = S
�

� (ϵ)
A1

�
� S

�
� (ϵ)
A1r

�
: (A.63)

We first expand S(� (ϵ)
A1

). Using the logarithm expansion in Appendix (E), we find

S(� (ϵ)
A1

) = S(� (0)
A1

) � � Tr
�

� (1) � A1 ln � (0)
A1

+ � (0)
A1

D ln (�
(0)
A1

)[� (1) � A1 ]
�

� � 2 Tr
�

� (2) � A1 ln � (0)
A1

+
1

2
� (1) � A1 D ln (�

(0)
A1

)[� (1) � A1 ]

+ � (0)
A1

D ln (�
(0)
A1

)[� (2) � A1 ]
�
+ O(� 3): (A.64)

Substituting the perturbations we obtain.

S(� (ϵ)
A1

) = ln d (A.65)

and the correction vanishes. This is because � (0)
A1

is already maximally mixed.

We next evaluate S(� (ϵ)
A1r

). A technical subtlety is that � (0)
A1r

= jΦdihΦdj is pure, so a

Taylor expansion of the entropy around � (0)
A1r

is ill-defined because � (0)
A1r

has zero eigenvalues.

We therefore introduce a full-rank regulator family � (0)
A1r

(∆) on Cd 
 C d,

� (0)
A1r

(∆) = (1 � 3∆) jΦ dihΦdj+
2∆

d(d � 1)

X

i6=j

jijihijj+
∆

d � 1

d�1X

m=1

jΦ(m)
d ihΦ(m)

d j; 0 < ∆ � 1:

(A.66)

and average its entropy over local unitary acting on HA1 ’ L a. Here ∆ serves as a regulator.

Sending ∆ ! 0 recovers the pure state � (0)
A1r

. The maximally entangled Fourier Bell basis is

defined as

jΦ(m)
d i =

1
p

d

d�1X

k=0

! mk jk ki ; ! = e 2πi/d; m = 0; 1; : : : ; d � 1: (A.67)

The standard maximally entangled state corresponds to the m = 0 element of this basis,

jΦdi � jΦ (0)
d i =

1
p

d

d�1X

k=0

jk ki : (A.68)

By construction, the reference extension is consistent with the original marginal on A1,

namely

� (0)
A1

= Trr[�
(0)
A1r

(∆)] =
I d
d

: (A.69)
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Then we compute the Haar-averaged entropy of the perturbed state � (ϵ)
A1r

(∆; U) obtained

after conjugating by a local unitary U on A1. Expanding � (ϵ)
A1r

perturbatively as in Eq. (A.60)

(with A1 ! A 1r), we obtain the entropy expansion

S(� (ϵ)
A1r

(U)) = S(� (0)
A1r

(U)) + � Tr
�

� (1) � A1r(U) ln � (0)
A1r

(U) + � (0)
A1r

(U)D ln (�
(0)
A1r

(U))[� (1) � A1r(U)]
�

� � 2 Tr
�

� (2) � A1r(U) ln � (0)
A1r

(U) +
1

2
� (1) � A1r(U)D ln (�

(0)
A1r

(U))[� (1) � A1r(U)]

+ � (0)
A1r

(U)D ln (�
(0)
A1r

(U))[� (2) � A1r(U)]
�
+ O(� 3);

with

� (0)
A1r

(U) = U � (0)
A1r

Uy; (A.70)

� (1) � A1r(U) = i TrA2 �A

�
[WR; � (0)

A1r
(U) 
 � A2 �A]

�
; (A.71)

� (2) � A1r(U) = � Tr A2 �A

� 1

2
fW 2

R; � (0)
A1r

(U) 
 � A2 �Ag � W R (� (0)
A1r

(U) 
 � A2 �A)WR

�
: (A.72)

To ensure the entropy admits a controlled Taylor expansion, the regulator must not be

taken parametrically smaller than the perturbation strength; we therefore impose ∆ & �. At
the same time, we work in the regime ∆ � 1, so that ∆ remains small, justifying an expansion

to leading order in ∆.

Haar averaging over U removes all terms linear in � and the terms of the form Tr[� (0) D ln (� (0) )[�]],
leaving

D
S(� (ϵ)

A1r
)
E
=

D
S(� (0)

A1r
)
E

� � 2
Z

dU Tr
�

� (2) � A1r(U) ln � (0)
A1r

(U)

+
1

2
� (1) � A1r(U)D ln (�

(0)
A1r

(U))[� (1) � A1r(U)]
�
+ O(� 3): (A.73)

Diagrammatically, Eq (A.73) can be represented as

hS
�

� (R)
A1r

�
i =

� 2

dχ

Z
dU

0

BBBBBBBBB@

1

2

�

1

CCCCCCCCCA
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+
� 2

d3
χ

Z
dU

Z 1

0
ds

0

BBBBBBBBB@

� 2

+

1

CCCCCCCCCCA

:

(A.74)

In these diagrams, the outermost loop (labeled by r) represents the reference Hilbert

space H r. We define the resolvent as

ΓA1r(s) =

 
� (0)
A1r

dχ
+ s IA1r

! �1

: (A.75)

Integrating over U , we obtain the following expression in terms of the W - and R-diagrams:

D
S(� (ϵ)

A1r
)
E
= � 2

(
d

dχ(d2 � 1)

�
R 8 �

1

d
R 9

� �
W5 �

1

d
W6

�

�
1

d3
χ

Z 1

0
ds

1

d2 � 1
(R 6 � R 7) Tr

�
W7 �

1

d
W8

� )

:

(A.76)

For the regulated family � (0)
A1r

(∆), the R-terms in Eq. (A.76) evaluates to

R 8 �
1

d
R 9 =Tr

�
� (0)
A1r

ln � (0)
A1r

�
�

1

d
Tr

h
TrA1

�
� (0)
A1r

�
TrA1

�
ln � (0)

A1r

�i

=

�
(1 � 3∆) �

1

d2

�
ln(1 � 3∆) +

�
∆ �

d � 1
d2

�
ln

�
∆

d � 1

�
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+

�
2∆ �

d � 1
d

�
ln

�
2∆

d(d � 1)

�

Z 1

0
ds

�
R 6 �

1

d
R 7

�
=

Z 1

0
dsTr

�
TrA1 (ΓA1r(s)) TrA1

�
(� (0)

A1r
)2 ΓA1r(s)

�
�

h
TrA1 (�

(0)
A1r

ΓA1r(s))
i 2

�

=ddχ
�
(1 � 3∆) �

1

d2

�
ln(1 � 3∆) +

�
∆ �

d � 1
d2

�
ln

�
∆

d � 1

�

+

�
2∆ �

d � 1
d

�
ln

�
2∆

d(d � 1)

�
(A.77)

Now, substituting this back in the Eq.(A.76), and writing the W -diagrams in terms of J and

D, we get expression
D

S(� (ϵ)
A1r

; ∆)
E
, in leading order of ∆, as following.

D
S(� (ϵ)

A1r
; ∆)

E
= �

� 2d
dχ(d2 � 1)

 
d � 1

d2

�
d log

�
2

d

�
+ (d + 1) log

�
∆

d � 1

�� !" �
TrA1A2 (J

2)

�
1

d
TrA2

�
TrA1 (J)

2�
�

1

dχ
TrA1

�
TrA2 (J)

2�
+

1

ddχ
TrA1A2 (J)

2
�

+
�
TrA1A2 ((D)2) �

1

d
TrA2

�
TrA1 (D)2� � #

+ O(� 3;∆)

= � 2 � 2

 
d � 1

d2

�
d log

�
2

d

�
+ (d + 1) log

�
∆

d � 1

�� ! h
c1(J) + c2(D)

i

+ O(� 3;∆):

The regulated coherent information is therefore

I (�)
c (NR(�) ) = ln d � 2 � 2

 
d � 1

d2

�
d log

�
d
2

�
+ (d + 1) log

�
d � 1
∆

�� !"

c1(J) + c2(D)

#

+ O(� 3;∆): (A.78)

The ∆-dependence of the O(� 2) term is dominated by log∆; all omitted contributions

are O(1) or O(∆) as ∆ ! 0.
Finally, we optimize over the recovery. The prefactor multiplying c1(J) + c2(D) in

Eq. (A.78) is strictly positive for 0 < ∆ � 1=3 and d � 2, and the diagrammatic coeffi-

cients c1(J) and c2(D) are nonnegative (see Eq. A.46). Hence maximizing I (�)
c is equivalent

to minimizing c1(J) + c2(D) over the allowed recovery operations.

Recall that the effective perturbation (conjugated by recovery unitaries) is

eiϵWR = R(ϵ)
A R(ϵ)

�A eiϵW R(0)y
A R(0)y

�A ; (A.79)

Composing the recovery with additional local unitaries,

R(ϵ)
A 7! eiϵOA R(ϵ)

A ; R(ϵ)
�A 7! eiϵO0

�A R(ϵ)
�A ;
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shifts WR (to leading order in �) as

WR �! W R + OA 
 I �A + I A 
 O 0
�A: (A.80)

By the definition of the operators J and D (see Fig. A.46), this implies

J �! J + 2O A + 2I A1 
 O 0
A2 ; D �! D: (A.81)

Thus local adjustments can change J but leave D invariant. In particular, c2(D) is unaffected,

whereas c1(J) can be minimized by an appropriate choice of OA (and O0
A2

). For example,

choosing OA = �
1

2
J and O0

A2
= 0 sets the shifted J to zero and yields the maximal value of

I (�)
c within this class of local variations.

A.4 Theorem 4.3

Proof. We take the bulk input state in the pure-state case (cf. Eq. (4.14)) and express it in

Schmidt form:

j i L =
dX

i=1

p
� i jii a jii �a ; � i > 0 (A.82)

Here, we denote d = dim(HA1 ) and d̄ = dim(H �A1
).

In what follows, we assume d̄ � d so that the Taylor expansion of the entropy is well

defined. The case d > d̄ can be recovered as a limiting case by taking some of the Schmidt

coefficients to approach zero.

After skewed encoding and decoding the effective perturbation, the recovered state on

the full physical Hilbert space HA �A is

� (ϵ)
A �A = eiϵWR

�
j ih j A1 �A1


j�ih�j A2 �A2

�
e�iϵW R : (A.83)

In the unperturbed limit � ! 0, the recovered state factorizes as

� (0)
A �A = j ih j A1 �A1


� A2 �A2
; (A.84)

where we define

� A2 �A2
:= j�ih�j A2 �A2

; � A2 := Tr �A2

�
� A2 �A2

�
: (A.85)

The corresponding reduced unperturbed states are

� (0)
A1A2

= Tr �A1 �A2

h
� (0)
A �A

i
= Tr �A1

�
j ih j A1 �A1

�

 � A2 ; (A.86)

� (0)
A1 �A1

= TrA2 �A2

h
� (0)
A �A

i
= j ih j A1 �A1

; (A.87)

� (0)
A1

= TrA2 �A1 �A2

h
� (0)
A �A

i
= Tr �A1

�
j ih j A1 �A1

�
: (A.88)
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In the Schmidt basis of j i A1 �A1
, the reduced state on A1 is diagonal with eigenvalues

f� ig, and hence admits the spectral decomposition

� (0)
A1

=
dX

i=1

� i jiihij A1 ; (A.89)

We now evaluate the Haar-averaged correction hScorr i. Since the unperturbed bulk state

is supported on A1Ā1, we average independently over local unitaries acting on each factor.

Concretely, the logical state is conjugated by local unitaries,

j ih j A1 �A1
�! (U A1 
 V �A1

) j ih j A1 �A1
(Uy

A1

 V y

�A1
); (A.90)

where U acts on A1 and V acts on Ā1, and then average over U and V with respect to the

Haar measure. We emphasize that we do not average with a single global Haar unitary on

A1Ā1, because such a transformation would generically modify the entanglement structure

between A1 and Ā1. By restricting to independent local Haar rotations, we randomize only

local bases on each factor while preserving the intrinsic bipartite entanglement content of the

bulk state. The resulting unperturbed rotated states are

� (0)
A �A(U; V ) = (U 
 V ) � (0)

A1 �A1
(Uy 
 V y) 
 � A2 �A2

; (A.91)

� (0)
A1A2

(U; V ) = Tr �A1 �A2

h
� (0)
A �A(U; V )

i
; (A.92)

� (0)
A1

(U; V ) = TrA2 �A1 �A2

h
� (0)
A �A(U; V )

i
: (A.93)

The corresponding skewed state on AĀ is

� (ϵ)
A �A(U; V ) = eiϵWR � (0)

A �A(U; V )e�iϵW R ; (A.94)

with reduced states defined by partial tracing as in Eq. (A.9). Taking the expansion in � as
Eq. (A.11), we obtain the Haar-averaged correction in the form

hScorr i =
� 2

2

Z
dU dV

"

Tr
�

� (1) � A1A2 (U; V )Dln (�
(0)
A1A2

(U; V ))
h
� (1) � A1A2 (U; V )

i�

� Tr
�

� (1) � A1 (U; V )Dln (�
(0)
A1

(U; V ))
h
� (1) � A1 (U; V )

i� #

: (A.95)

while the first-order corrections are

� (1) � A1A2 (U; V ) = i Tr �A1 �A2

�
[WR; � (0)

A �A(U; V )]
�

; (A.96)

� (1) � A1 (U; V ) = i TrA2 �A1 �A2

�
[WR; � (0)

A �A(U; V )]
�

: (A.97)

Substituting (A.96)–(A.97) into (A.95) and expanding the commutators into the resulting

trace terms using the diagrammatic convention and rules described in Appendix (E.3), we
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obtain

hScorr i =
� 2

2d2
χ

Z
ds

Z
dU

0

BBBBBBBB@

�

+2

�

+
1

dχ

�
2

dχ

+
1

dχ

1

CCCCCCCCA

(A.98)
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Applying the Weingarten calculus together with the diagrammatic Haar-averaging rules sum-

marized in Appendix (E.3.2) yields

hScorr i =
1

2dχdd̄(d2 � 1)( d̄2 � 1)
� 2

Z 1

0
ds

h

eR 1(s)
�
2fW10 � 2 d̄fW9 � 2d fW12 + 2dd̄fW11 + 2dd̄fW8 � 2d fW5 � 2 d̄fW7 � 2 fW6

�
�
1 + dd̄

� fW2 +
�
d + d̄

� fW1 +
�
d + d̄

� fW3 �
�
1 + dd̄

� fW4 +
�
d + d̄

� fW15

�
�
1 + dd̄

� fW13 �
�
1 + dd̄

� fW14 +
�
d + d̄

� fW16

�

+ eR 2(s)
�
2d̄fW12 � 2 fW11 � 2d d̄fW10 + 2dfW9 + 2dd̄fW8 � 2d fW5 � 2 d̄fW7 + 2fW6

�

+ eR 3(s)
�
2d fW10 � 2d d̄ fW9 � 2 fW12 + 2d̄ fW11 � 2d fW8 + 2dd̄ fW5 + 2 fW7 � 2 d̄ fW6

�

+ eR 4(s)
�

� (d + d̄)fW2 + (1 + dd̄)fW1 + (1 + dd̄)fW3 � (d + d̄)fW4 + 2dfW8

� 2d d̄fW5 � 2 fW7 + 2d̄fW6 + 2d̄fW10 � 2 fW9 � 2d d̄fW12 + 2dfW11 + (1 + dd̄)fW15

� (d + d̄)fW13 � (d + d̄)fW14 + (1 + dd̄)fW16

�i
:

where fWi and eR i(s) are given in Table. (2). They’re functions of the state on A1Ā1:

� (0)
A1 �A1

=
dX

i,j=1

p
� i� j jiii A1 �A1

hjjj : (A.99)

Substituting this into the definition of eRi(s) and using

dX

i=1

p
� i jii hij =

q
� (0)
A1

; (A.100)

we obtain eR 1(s) = eR 5(s) = R1(s) and eR 2(s) = R3(s) as functions of the eigenvalues � i.

Equivalently, they are determined by the same spectral functions f 1(�) and f 2(�), defined (as

linear combinations) in Eq. (A.40).
R

ds eR 4(s) =
R

ds eR 6(s) is a constant function indepen-

dent of entanglmeent spectrum, while eR 3(s) gives rise to a new spectra function f 3(�),

f 3(�) :=
1

dd̄dχ

Z 1

0
ds eR 3(s)

=
1

dd̄dχ

Z
dsTr (�Γ(s)) Tr(�) Tr (Γ(s))

=
1

dd̄

X

ij

� i + � j

2(� i � � j)
ln

� i

� j
:

(A.101)

In analogy with Eq. (A.45), we define the following pair of Hermitian matrices:

J := dχTr �A2

�
fW R; � A2 �A2

g
�

D := id χTr �A2

�
[WR; � A2 �A2

]
� (A.102)

– 41 –



Since Ā2 is traced out, both J and D are supported on A 1, Ā1, and A2. Their diagram-

matic representations are shown in Fig. A.103.

Jbj;ai = + � fW (1)
bj;ai +

fW (2)
bj;ai

iD bj;ai = � � fW (1)
bj;ai � fW (2)

bj;ai

(A.103)

Here, fW (1)
bj;ai and

fW (2)
bj;ai denote the contributions from the first and second trace diagrams,

respectively. Note that these quantities differ from W (1)
bj;ai and W (2)

bj;ai defined in Eq. (A.102),

because of the additional contribution from Ā1.

Rearranging the terms and completing the squares, we obtain the following expression

for the averaged Scorr:

hScorr i =hScorr(J)i + hScorr(D)i: (A.104)

where

hScorr(J)i =
1

4dχdd̄(d2 � 1)( d̄2 � 1)
� 2

" �
dd̄Tr (T r �A1

(J)2) � dTr (J 2) � d̄Tr (T rA1 �A1
(J)2)

+ Tr (TrA1 (J)
2) �

1

dχ

�
dd̄Tr (T rA2 �A1

(J)2) � dTr (T r A2 (J)
2) � d̄Tr (J)2

+Tr (TrA1A2 (J)
2)

��
df 1(�) +

 

dTr (T r �A1
(J)2) � d d̄Tr (J2) + d̄Tr (T rA1 (J)

2)

� Tr (Tr A1 �A1
(J)2) +

1

dχ

�
dTr (T rA2 �A1

(J)2) � d d̄Tr (T rA2 (J)
2) � Tr (J) 2

+ d̄Tr (T rA1A2 (J)
2)

� !

dd̄f 3(�)

#

(A.105)

hScorr(D)i =
1

4dχdd̄(d2 � 1)( d̄2 � 1)
� 2

" �
Tr (T r �A1

(D)2) � d̄Tr (D2) � dTr (Tr A1 �A1
(D)2)

+ dd̄Tr (T rA1 (D
2))

�
df 1(�) +

�
� (1 + d d̄) Tr (T r �A1

(D)2) + (d + d̄) Tr (D2)

+ (d + d̄) Tr (TrA1 �A1
(D)2) � (1 + d d̄) Tr (T rA1 (D

2))
�

f 2(�) +
�

� d d̄Tr (D2)

+ dTr (T r �A1
(D)2) � Tr (Tr A1 �A1

(D)2) + d̄Tr (T rA1 (D
2))

�
dd̄f 3(�)

#

(A.106)

We now expand J and D in a product Pauli basis adapted to the tensor-factor decomposition.

Let fP (A1 )
r gd

2 �1
r=0 and fP ( �A1 )

s g �d 2 �1
s=0 be Pauli (or generalized-Pauli) bases on HA1 and H �A1

,
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respectively, and let fP (A2 )
t gd

2
� �1

t=0 be a Pauli basis on HA2 . We choose these bases to be

orthonormal with respect to the Hilbert–Schmidt inner product,

Tr
�

P (X)
α P (X)

β

�
= dim(HX) � αβ; X 2 fA 1; Ā1; A2g; (A.107)

With this notation,

J =
d2 �1X

l=0

�d 2 �1X

m=0

d2
� �1X

n=0

plmn(J)P (A1 )
l 
 P ( �A1 )

m 
 P (A2 )
n ;

D =

d2 �1X

l=0

�d 2 �1X

m=0

d2
� �1X

n=0

plmn(D)P (A1 )
l 
 P ( �A1 )

m 
 P (A2 )
n :

(A.108)

Since TrA2 (D) = 0, we have plm0(D) = 0 for all l; n.
Using the Pauli-basis coefficients of D, the trace expressions appearing in hScorr (D)i can

be written in terms of the following quadratic coefficient sums:

AD :=
X

n>0

p2
00n(D); B D :=

X

m,n>0

p2
0mn(D); CD :=

X

l,n>0

p2
l0n(D); E D :=

X

l,m,n>0

p2
lmn(D):

(A.109)

In terms of these coefficients, the corresponding trace expressions become

Tr
�
TrA1 �A1

(D)2�
= d2d̄2dχ

X

n>0

p2
00n(D) := d2d̄2dχ AD; (A.110)

Tr
�
Tr �A1

(D)2�
= dd̄2dχ

0

@
X

n>0

p2
00n(D) +

X

l,n>0

p2
l0n(D)

1

A := dd̄2dχ (AD + CD) ; (A.111)

Tr
�
TrA1 (D)2�

= d2d̄ dχ

0

@
X

n>0

p2
00n(D) +

X

m,n>0

p2
0mn(D)

1

A := d2d̄ dχ (AD + BD) ; (A.112)

Tr(D 2) = dd̄ dχ

0

@
X

n>0

p2
00n(D) +

X

m,n>0

p2
0mn(D) +

X

l,n>0

p2
l0n(D) +

X

l,m,n>0

p2
lmn(D)

1

A (A.113)

:= dd̄ dχ (AD + BD + CD + ED) : (A.114)

Similarly, we define the following quadratic coefficient sums of the Pauli-expansion coef-

ficients plmn(J):

AJ :=
X

n>0

p2
00n(J); B J :=

X

m,n>0

p2
0mn(J); CJ :=

X

l,n>0

p2
l0n(J);

EJ : =
X

l,m,n>0

p2
lmn(J); FJ := p2

000(J); GJ :=
X

m>0

p2
m00(J);

HJ : =
X

m>0

p2
0m0(J); I J :=

X

l,m>0

p2
lm0(J):

(A.115)
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In complete analogy, using the Pauli-basis coefficients of J , the trace terms appearing in

hScorr (J)i can be written as

Tr
�
TrA1 �A1

(J)2�
= d2d̄2dχ (AJ + FJ) ; (A.116)

Tr
�
Tr �A1

(J)2�
= dd̄2dχ (AJ + CJ + FJ + GJ) ; (A.117)

Tr
�
TrA1 (J)

2�
= d2d̄dχ (AJ + BJ + FJ + HJ) ; (A.118)

Tr
�
J 2�

= dd̄dχ (AJ + BJ + CJ + EJ + FJ + GJ + HJ + I J) ; (A.119)

Tr
�
TrA2 �A1

(J)2�
= dd̄2d2

χ (FJ + GJ) ; (A.120)

Tr
�
TrA2 (J)

2�
= dd̄d2

χ (FJ + GJ + HJ + I J) ; (A.121)

Tr(J)2 = d2d̄2d2
χ FJ ; (A.122)

Tr
�
TrA1A2 (J)

2�
= d2d̄d2

χ (FJ + HJ) : (A.123)

Now we can expand hScorr(D)i in terms of these coefficients in a concise form:

hScorr(D)i =
� 2

2

�
1

2
d2 �

d̄2 � 1
�

CDf 2(�) +
1

2

�
d2 � 1

�
d̄2BD (f 2(�) � f 1(�))

+ED

�
d2d̄2

2
f 3(�) �

d(d + d̄)
2

f 2(�) +
dd̄
2

f 1(�)
�
+ const

�
=
�
(d2 � 1)( d̄2 � 1)

�
:

(A.124)

Similarly hScorr(J)i in terms of J is

hScorr(J)i =
� 2

2

�
1

2
d2(d̄2 � 1)C J f 1(�) + E J

�
d2d̄2

2
f 3(�) �

d2

2
f 1(�)

��
=
�
(d2 � 1)( d̄2 � 1)

�
:

(A.125)

Now define the following coefficients:

k1 :=
d2

2(d2 � 1)
CJ ; k2 :=

d2

2(d2 � 1)
CD

k3 :=
d2d̄2

2(d2 � 1)( d̄2 � 1)
ED; k4 :=

d2d̄2

2(d2 � 1)( d̄2 � 1)
EJ

k5 :=
d̄2

2(d̄2 � 1)
BD:

(A.126)

The full hScorr i becomes

hScorr i =
� 2

2

�
k1f 1(�) + k 2f 2(�) + k 3

�
f 3(�) �

d + d̄
d2d̄

f 2(�) +
1

d2 f 1(�)
�

+k4

�
f 3(�) �

1

dd̄
f 1(�)

�
+ k5 (f 2(�) � f 1(�)) + const

�
:

(A.127)

Monotonicity of f 1(�), f 2(�) and f 3(�) are discussed in Appendix C.
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Note that f 2 � f 1 is not a decreasing function of entanglement. Making the averaged PA

entropy not monotonic for generic perturbation WR. However, we show that non-monotonicity

only occurs with small probability.

Assume that WR is drawn from a Gaussian ensemble. In the product-Pauli expansion, we

therefore model the Pauli-basis coefficients as independent random variables with zero mean

and a common variance. Under this model, each quadratic block (e.g. BD, CD, ED, and the

corresponding blocks for J) is a sum of many squared coefficients, so its typical magnitude

is proportional to the number of Pauli strings contributing to that block. Consequently,

typical ratios of such blocks are governed by the ratio of the corresponding term counts, with

fluctuations suppressed when the sums involve many terms.

We first estimate the typical ratios BD=ED and CD=ED by simple counting. BD collects

coefficients with the A1-index fixed to the identity and with the remaining indices restricted

to m > 0 and n > 0. Hence the sum defining B D contains (d̄2 � 1)(d 2
χ � 1) terms. Similarly,

CD fixes the Ā1-index to the identity and sums over l > 0 and n > 0, and therefore contains

(d2 � 1)(d 2
χ � 1) terms. Finally, E D sums over l > 0, m > 0, and n > 0, and thus contains

(d2 �1)( d̄2 �1)(d 2
χ �1) terms. Since each contributing squared coefficient has the same typical

size, we obtain
DBD

ED

E

GUE
�

(d̄2 � 1)(d 2
χ � 1)

(d2 � 1)( d̄2 � 1)(d 2
χ � 1)

=
1

d2 � 1
;

DCD

ED

E

GUE
�

(d2 � 1)(d 2
χ � 1)

(d2 � 1)( d̄2 � 1)(d 2
χ � 1)

=
1

d̄2 � 1
:

(A.128)

Moreover, since BD and ED are sums of squares of Gaussian random variables, their

normalized ratio BD=ED follows Fisher-Snedecor F distribution,

(BD=N1)

(ED=N2)
� F N1 ,N2 ; N1 = (d̄2 � 1)(d 2

χ � 1); N 2 = (d2 � 1)( d̄2 � 1)(d 2
χ � 1): (A.129)

The non-monotonicity of SPA requires the atypical fluctuation BD & E D, i.e. BD=ED �
1. In terms of the F variable this corresponds to FN1 ,N2 � N 2=N1 = d2 � 1, and hence

P
�

BD

ED
� 1

�
= P

�
FN1 ,N2 �

N2

N1

�
=

Z 1

N2/N1

dx f F (x;N 1; N2) � O
�

e� d 2
�

: (A.130)

We carry out the same counting estimate for the remaining J-term coefficients. Here CJ

sums over (l; n) with l > 0 and n > 0, while E J sums over (l; m; n) with l > 0, m > 0, and

n > 0. Thus C J contains (d2 � 1)(d 2
χ � 1) terms and E J contains (d2 � 1)( d̄2 � 1)(d 2

χ � 1)
terms, and hence

DCJ

EJ

E

GUE
�

(d2 � 1)(d 2
χ � 1)

(d2 � 1)( d̄2 � 1)(d 2
χ � 1)

=
1

d̄2 � 1
: (A.131)

Substituting these typical ratios into the definitions of the coefficients ki yields the cor-

responding estimates for the typical relative sizes. Using

k5

k3
=

d2 � 1
d2

BD

ED
;

k2

k3
=

d̄2 � 1
d̄2

CD

ED
;

k1

k4
=

d̄2 � 1
d̄2

CJ

EJ
; (A.132)
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we obtain the corresponding typical GUE estimates by substituting the term-counting results

for the block ratios.

Dk5

k3

E

GUE
=

d2 � 1
d2

DBD

ED

E

GUE
=

d2 � 1
d2 �

1

d2 � 1
=

1

d2 ; (A.133)

Dk2

k3

E

GUE
=

d̄2 � 1
d̄2

DCD

ED

E

GUE
=

d̄2 � 1
d̄2 �

1

d̄2 � 1
=

1

d̄2 ; (A.134)

and Dk1

k4

E

GUE
=

d̄2 � 1
d̄2

DCJ

EJ

E

GUE
=

d̄2 � 1
d̄2 �

1

d̄2 � 1
=

1

d̄2 : (A.135)

So in the large d and d̄ limit, we find that the typical PA entropy correction can be

approximated as

hScorr i =
� 2

2
(k3 + k4)f 3(�) + O(

1

d2 ) + O(
1

d̄2 ): (A.136)

A.5 Lemma 4.2

Proof. The overall encode–noise–recover process defines a quantum channel

NR(�) : L(H L) �! L(H A1 �A1
); NR(�) (� (L) ) = � (ϵ)

A1 �A1
; (A.137)

where � (ϵ)
A1 �A1

denotes the recovered output state on HA1 �A1
. In the present setting, the logical

Hilbert space factorizes as

HL = Ha 
 H �a : (A.138)

Accordingly, we introduce two isomorphic reference systems H r ’ H a and H �r ’ H �a .

To quantify the performance of the recovery channel, we consider the coherent information

defined in Eq. (3.4) as

I c(NR(�) ) = S(Trr �r [(NR(�) 
 I r �r )(jΦihΦja�a r �r )]) � S[(N R(�) 
 I r �r )(jΦihΦja�a r �r )] : (A.139)

where the maximally entangled state in Eq. (A.139) factorizes as

jΦi a�a r �r = jΦi ar 
 jΦi �a �r ; (A.140)

with

jΦi ar =
1

p
da

daX

i=1

jii a 
 jii r; jΦi �a �r =
1

p
d�a

d�aX

j=1

jji �a 
 jji �r ; (A.141)

and da = dim(Ha) and d�a = dim(H �a ). When the logical system consists of n qubits, i.e.

HL ’ (C 2)
n , one may view jΦi Lr as tensor product of n independent EPR pairs shared

between the logical system and the reference:

jΦi Lr =
nO

k=1

1
p
2
(j0i Lk j0i rk + j1i Lk j1i rk ) ; (A.142)
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so that na Bell pairs are shared between a and r together and n �a Bell pairs are shared between

ā and r̄ (with n = n a + n �a for qubits).

Figure 8. Channel picture for optimizing recovery via coherent information in the factorized logical

setting HL = Ha 
 H �a . The logical input is purified by a product of maximally entangled states

jΦi ar 
 jΦi �a�r , with r ’ a and r̄ ’ ā.The joint logical state � (L)
a�a is encoded by the isometry V into

HA 
 H �A, followed by recovery maps on each boundary region. This induces an effective channel

NR(�) : L(H L) ! L(H A1 �A1
), with output � (ϵ)

A1 �A1
= NR(�) (� (L)

a�a ). The coherent information is evaluated

on the joint outputs � (ϵ)
A1 r

and � (ϵ)
�A1 �r (and the full state � (ϵ)

A �Ar �r ), and maximized over recovery channels

to obtain the optimal recovery R� .

After encoding, perturbation, and recovery, the joint state on the recovered subsystem

A1Ā1 and the reference rr̄ is

� (ϵ)
A1 �A1r �r = (NR(�) 
 I r �r )(jΦihΦja�a r �r ) = TrA2 �A2

h
eiϵWR (� (0)

A1 �A1r �r 
 � A2 �A2
)e�iϵW R

i
; (A.143)

where � (0)
A1 �A1r �r is the density matrix of the input maximally mixed state jΦi a�a r �r . The pertur-

bation acts trivially on the reference systems, so we adopt the shorthand

WR 
 I r 
 I �r � W R: (A.144)

Tracing out the reference in Eq. (A.143) gives the reduced output state on A1Ā1,

� (ϵ)
A1 �A1

= Trr �r � (ϵ)
A1 �A1r �r : (A.145)

In this notation, the coherent information is

I c(NR(�) ) = S
�

� (ϵ)
A1 �A1

�
� S

�
� (ϵ)
A1 �A1r �r

�
: (A.146)

Maximizing I c(NR(�) ) over the choice of recovery unitary defines the optimal recovery, denoted

by R� , which preserves the largest possible amount of recoverable bulk information in the

decoded outputs A1 and Ā1.
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Let’s first calculate entropy S(� (ϵ)
A1 �A1

), using the perturbative expansion

� (ϵ)
A1 �A1

= � (0)
A1 �A1

+ �� (ϵ)
A1 �A1

= � (0)
A1 �A1

+ � � (1) � A1 �A1
+

� 2

2
� (2) � A1 �A1

+ O(� 3): (A.147)

where

� (0)
A1 �A1

(U; V ) � (U 
 V ) � (0)
A1 �A1

(Uy 
 V y) (A.148)

� (1) � A1 �A1
(U; V ) = i TrA2 �A2r �r

�
[WR; � (0)

A1 �A1r �r (U; V ) 
 � A2 �A2
]
�

; (A.149)

� (2) � A1 �A1
(U; V ) = �Tr A2 �A2r �r

� 1

2
fW 2

R; � (0)
A1 �A1r �r (U; V ) 
 � A2 �Ag

� W R (� (0)
A1 �A1r �r (U; V ) 
 � A2 �A2

)WR

�
: (A.150)

Using the logarithm expansion derived in Appendix. E, we find

S(� (ϵ)
A1 �A1

(U; V )) = S(� (0)
A1 �A1

(U; V )) � � Tr
�

� (1) � A1 �A1
(U; V ) ln � (0)

A1 �A1
(U; V )

+ � (0)
A1 �A1

(U; V )Dln (�
(0)
A1 �A1

(U; V ))[� (1) � A1 �A1
(U; V )]

�

� � 2 Tr
�

� (2) � A1 �A1
(U; V ) ln � (0)

A1 �A1
(U; V )

+
1

2
� (1) � A1 �A1

(U; V )Dln (�
(0)
A1 �A1

(U; V ))[� (1) � A1 �A1
(U; V )]

+ � (0)
A1 �A1

(U; V )Dln (�
(0)
A1 �A1

(U; V ))[� (2) � A1 �A1
(U; V )]

�
+ O(� 3):

(A.151)

Similar as in Sec. A.3, this entropy becomes

S(� (ϵ)
A1 �A1

) = S(� (0)
A1 �A1

) = ln(dd̄): (A.152)

and correction vanishes.

We next compute the entropy of the joint recovered-and-reference state, S(� (ϵ)
A1 �A1r �r ).

� (ϵ)
A1 �A1r �r admits the perturbative expansion

� (ϵ)
A1 �A1r �r = � (0)

A1 �A1r �r + �� (ϵ)
A1 �A1r �r = � (0)

A1 �A1r �r + � � (1) � A1 �A1r �r +
� 2

2
� (2) � A1 �A1r �r + O(� 3): (A.153)

where

� (0)
A1 �A1r �r (U; V ) = TrA2 �A2

h
� (0)
A �Ar �r (U; V )

i
� (U 
 V ) � (0)

A1 �A1r �r (Uy 
 V y); (A.154)

� (1) � A1 �A1r �r (U; V ) = i TrA2 �A2

�
[WR; � (0)

A1 �A1r �r (U; V ) 
 � A2 �A2
]
�

; (A.155)

� (2) � A1 �A1r �r (U; V ) = �Tr A2 �A2

� 1

2
fW 2

R; � (0)
A1 �A1r �r (U; V ) 
 � A2 �A2

g

� W R (� (0)
A1 �A1r �r (U; V ) 
 � A2 �A2

)WR

�
: (A.156)
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The derivation proceeds exactly as before, with the only change being that the entropy

expansion is now carried out on the enlarged Hilbert space HA1 
H �A1

H r 
H �r . Accordingly,

every instance of the zeroth-order reduced state in the previous computation is replaced by

� (0)
A1 �A1r �r , and the perturbation generator is taken to act trivially on the reference systems,

WR 7! W R 
 I r 
 I �r . With these replacements in place, we obtain

S(� (ϵ)
A1 �A1r �r (U; V )) = S(� (0)

A1 �A1r �r (U; V )) � � Tr
�

� (1) � A1 �A1r �r (U; V ) ln � (0)
A1 �A1r �r (U; V )

+ � (0)
A1 �A1r �r (U; V )Dln (�

(0)
A1 �A1r �r (U; V ))[� (1) � A1 �A1r �r (U; V )]

�

� � 2 Tr
�

� (2) � A1 �A1r �r (U; V ) ln � (0)
A1 �A1r �r (U; V )

+
1

2
� (1) � A1 �A1r �r (U; V )Dln (�

(0)
A1 �A1r �r (U; V ))[� (1) � A1 �A1r �r (U; V )]

+ � (0)
A1 �A1r �r (U; V )Dln (�

(0)
A1 �A1r �r (U; V ))[� (2) � A1 �A1r �r (U; V )]

�

+ O(� 3): (A.157)

A technical point arises at this stage. The Fréchet-derivative term

D ln (�
(0)
A1 �A1r �r )

h
� (1) � A1 �A1r �r

i

appearing in hS(� (e)
A1 ~A1r~r

)i given in Eq (A.160)is ill-defined because � (0)
A1 �A1r �r is a pure state and

hence not full rank. In particular, it has zero eigenvalues, so the resolvent (� (0)
A1 �A1r �r + sI) �1

diverges as s ! 0.
We handle this by introducing a full-rank regulator at the level of the Bell-pair factoriza-

tion (A.142). Specifically, for each Bell pair state, denoted as jΦ+ i, we replace the projector

jΦ+ ihΦ+ j by the following state

(jΦ+ ihΦ+ j)reg = (1 � 3∆) jΦ + ihΦ+ j+∆
�

j01ih01j+j10ih10j
�
+∆ jΦ � ihΦ� j; (A.158)

where jΦ � i = (j00i � j11i)=
p
2. The regulator is introduced at the level of the input purifica-

tion. The regulated output state of the channel is then obtained by pushing this input state

through the channel NR(�)

� (ϵ)
A1 �A1r �r (∆) := (NR(�) 
 I r �r )(jΦihΦj reg

a�a r �r ) : (A.159)

We evaluate S(� (ϵ)
A1 �A1r �r ) by first performing the perturbative expansion at fixed ∆ > 0 and

then taking the limit ∆ ! 0 at the end of the calculation.

Note that Eq. (A.152) is still valid since � (0)
A1

(∆) = I d=d and � (0)
�A1
(∆) = I �d=d̄, which

remain maximally mixed even in the presence of the regulator.

Then we compute the Haar-averaged entropy hS(� (ϵ)
A1 �A1r �r (U; V ))i. Averaging the entropy

expansion over U and V with respect to the Haar measure gives

D
S(� (ϵ)

A1 �A1r �r )
E
= S(� (0)

A1 �A1r �r ) � � 2
Z

dU dV Tr
�

� (2) � A1 �A1r �r (U; V ) ln � (0)
A1 �A1r �r (U; V )
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+
1

2
� (1) � A1 �A1r �r (U; V )Dln (�

(0)
A1 �A1r �r (U; V ))[� (1) � A1 �A1r �r (U; V )]

�

+ O(� 3): (A.160)

We now focus on the first � 2-order term in Eq. (A.160). This term alone is sufficient to

determine the PA entropy when the channel-capacity optimization condition is imposed. The

key point is that the PA entropy in Eq. (A.125) depends only on the Pauli coefficients prst(J)
(defined in Eq. (A.115)) with t > 0. By contrast, after carrying out the average over U and

V , one finds that the second �2-order term in Eq. (A.160) depends only on the sector prs0(J)
with t = 0. Furthermore, the first term which we compute below (see Eq. (A.168)), receives

decoupled contribution from the t > 0 and t = 0 sectors, so the optimization conditions for

t > 0 coefficients are determined independently of the t = 0 ones. It is therefore enough to

optimize the first term to fix the optimal t > 0 components and hence the PA entropy. We

denote this contribution by S (ϵ)
2 , defined as

S (ϵ)
2 := �� 2

Z
dU dV Tr

h
� (2) � A1 �A1r �r (U; V ) ln � (0)

A1 �A1r �r (U; V )
i

: (A.161)

Diagrammatically, S (ϵ)
2 takes the following form

S (ϵ)
2 =

� 2

dχ

Z
dU

0

BBBBBBBBBBBBB@

+
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�

�

1

CCCCCCCCCCCCCA

: (A.162)

In the diagrams above, we have used the identity for the logarithm of a tensor-product state

ln(� (0)
A1


 � (0)
�A1
) = ln � (0)

A1

 I �A1

+ I A1 
 ln � (0)
�A1

: (A.163)

After averaging over the Haar measures of U and V and substituting the regulated marginals

� (0)
A1r

(∆) and � (0)
�A1 �r (∆), the expression simplifies to

S (ϵ)
2 =

3(1 � 4∆) � 2

4dχ
log

 
1 � 3∆

∆

!"
fW9(log d + log d̄)

dd̄
+

(d fW9 � fW11) log d
d̄ (d2 � 1)

+
(d̄ fW9 � fW10) log d̄

d (d̄2 � 1)

#

(A.164)

Using Table (2) together with Eqs. (A.117), (A.118), and (A.119), we obtain

fW9 =
1

4
Tr(J 2 + D 2) =

dd̄dχ
4

�
AJ + BJ + CJ + EJ + FJ + GJ + HJ + I J

+ AD + BD + CD + ED

�
(A.165)

fW10 =
1

4
Tr(Tr �A1

(J)2 +Tr �A1
(D)2) =

dd̄2dχ
4

�
AJ + CJ + FJ + GJ + AD + CD

�
(A.166)

fW11 =
1

4
Tr(TrA1 (J)

2 +TrA1 (D)2) =
d2d̄dχ

4

�
AJ + BJ + FJ + HJ + AD + BD

�
(A.167)

Now we get

S (ϵ)
2 =

3� 2

16
(1 � 4∆) log

 
1 � 3∆

∆

!"
d2 log d
d2 � 1

(CJ + EJ + GJ + I J + CD + ED)
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+
d̄2 log d̄
d̄2 � 1

(BJ + EJ + HJ + I J + BD + ED) +
�
log d + log d̄

��
AJ + BJ + CJ

+ EJ + FJ + GJ + HJ + I J + AD + BD + CD + ED

� #

: (A.168)

Since correction of S(� (ϵ)
A1 �A1

) vanishes, the relevant part of the coherent information needed to

determine the PA entropy is given by �S (ϵ)
2 . We therefore focus on analyzing and minimizing

S (ϵ)
2 .

Since log((1 � 3∆)=∆) diverges as ∆ ! 0 + , the coherent-information correction becomes

singular in the regulator-removal limit. We therefore keep ∆ fixed and use the coherent

information as a regulated comparison functional for different recovery choices. Maximizing

the coherent information over RA 
R �A then provides a well-defined notion of optimal recovery

at fixed ∆, as discussed in Sec. (A.3).

In our expression for S (ϵ)
2 , the recovery dependence enters only through the coefficients

appearing in the square brackets in Eq. (A.168). All remaining prefactors are independent of

the recovery choice.

Among the coefficients entering the PA entropy (A.127) through S (ϵ)
2 , namely CJ , EJ ,

BD, CD, and ED, only CJ is affected by the boundary-unitary freedom in the recovery. To

see this, let us examine how the boundary-unitary freedom acts on the operators J and D.

A redefinition of the recovery of the form

R(ϵ)
A �! e iϵOA R(ϵ)

A ; R(ϵ)
�A �! e iϵO0

�A R(ϵ)
�A ; (A.169)

with Hermitian OA on A = A 1 
 A 2 and Hermitian O0
�A on Ā = Ā1 
 Ā2, induces, to first

order in �, the shift

WR �! W R + OA 
 I �A + I A 
 O 0
�A: (A.170)

Using Eq (A.102), the corresponding variations are

�J = d χ Tr �A2

�
fO A 
 I �A; � A2 �A2

g + fI A 
 O 0
�A; � A2 �A2

g
�

; (A.171)

�D = id χ Tr �A2

�
[OA 
 I �A; � A2 �A2

] + [I A 
 O 0
�A; � A2 �A2

]
�

: (A.172)

We now expand J and D in the same Pauli basis as in Eq. (A.108),

X =
d2 �1X

l=0

�d2 �1X

m=0

d2
� �1X

n=0

plmn(X)P (A1 )
l 
 P ( �A1 )

m 
 P (A2 )
n ; X 2 fJ; Dg: (A.173)

From (A.171) and (A.172), one sees that the shift generated by OA is supported only in the

sector with m = 0, while the shift generated by O0
�A is supported only in the sector with l = 0.

Hence the coefficients with

l > 0; m > 0
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are untouched by the boundary-unitary freedom. Equivalently,

�p lmn(X) = 0; X 2 fJ; Dg; for l > 0; m > 0:

On the other hand, coefficients in the sectors with either m = 0 or l = 0 can be affected by the

transformation (A.169). This immediately explains the behavior of the grouped coefficients

appearing in S (ϵ)
2 .Hence, the quantities

EJ =
X

l,m,n>0

p2
lmn(J); BD =

X

m,n>0

p2
0mn(D);

CD =
X

l,n>0

p2
l0n(D); E D =

X

l,m,n>0

p2
lmn(D)

(A.174)

are invariant under the local-unitary freedom relevant here, whereas

CJ =
X

l,n>0

p2
l0n(J); and B J =

X

m,n>0

p2
0mn(J) (A.175)

lies precisely in the m = 0 and l = 0 sector of J and therefore can change under the shift

generated by OA and O0
�A. In fact, one can show that by proper choice of OA and O0

�A, the two

coefficients CJ and BJ can be set to zero. Since both of them enter Eq. (A.168) as a positive

contribution. This choice optimizes the coherent information.

From the result in Sec. A.4, the PA entropy depends on CJ , but not on BJ , and all other

contributing terms remain fixed uncer the local transformation. Therefore we conclude that

the optimization condition sets

CJ = 0 =) k 1 = 0; (A.176)

A.6 Theorem 4.4

Proof. First we show that approximate Knill-Laflamme (aKL) condition Eq. (4.18) implies

the skewing condition Eq. (4.19).

To make the logical tensor-product structure explicit, choose a product basis fjii agdi=1 of

L a and fjji �a g �d
j=1 of L �a , and define the corresponding code basis

j eiji := V (jii a 
 jji �a ) 2 C:

Now restrict to operators supported on Ā. Let fP γ
�Ag

d2
�A �1

γ=0 be any operator basis of B(H �A) (for

concreteness one may take the Pauli basis when H �A is a qubit system). Then the Ā-part of
the aKL condition (4.18) is equivalently the collection of matrix-element identities

heijj (I A 
 P γ
�A) j ekli = � ik hjj Pγ

�a jli + � Ȳ γ
ij;kl; (A.177)

where we have set

Pγ
�a := E �A(P

γ
�A) 2 B(L �a ); Ȳ γ

ij;kl := Ȳij;kl(P
γ
�A):
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We adopt the convention P0
�A = I �A, so that P0

�a = E �A(I �A) = I �a and Ȳ 0
ij;kl = 0.

Consider the Choi state associated with the encoding isometry V ,

j�i :=
1

p
dL

dX

i=1

�dX

j=1

jiji r �r j eiji A �A ; (A.178)

where we have written d := dim La, d̄ := dim L �a so that dL = d d̄, and where r; r̄ are reference
systems isomorphic to L a; L �a , respectively.

Tracing out A yields a state on rr̄ Ā:

� r �r �A := TrA(j�i h�j)

=
1

d
I r 
 � �r �A + � � r �r �A: (A.179)

The first term captures the ideal decoupling of r from r̄ Ā, while � r �r �A collects the deviation.

Using the matrix-element identity (A.177), we can express � �r �A and � r �r �A in an operator

basis. Let fP γ
�Agγ be an orthonormal operator basis on Ā (e.g. Pauli operators for qubit

systems), and let fP γ
�r gγ denote the corresponding operators on r̄ defined by the aKL map

(i.e. Pγ
�r is the representation of Pγ

�a on r̄ under the fixed identification r̄ ’ L �a ). Then

� �r �A =
1

d �A d̄

X

γ

Pγ
�r 
 P γ

�A; (A.180)

� r �r �A =
1

dL d �A

X

γ

Ȳ γ
r �r 
 P γ

�A; Ȳ γ
r �r :=

1

dL

X

β

Tr(Ȳ γPβ)Pβ
r �r : (A.181)

Here fP β
r �r gβ is an orthonormal operator basis on rr̄ (again, Pauli strings in the qubit case),

and Ȳ γ denotes the matrix with entries Ȳ γ
ij;kl in the jiji basis.

By Choi’s theorem, a linear map E �A : B(H �A) ! B(L �a ) is completely positive if and only

if its Choi operator is positive semidefinite. Equivalently,

J(E �A) :=
1

d �A

d �AX

m,n=1

jmihnj �A 
 E �A(jmihnj �A) � 0

=
1

d �A

X

γ

Pγ
�A 
 P γ

�a � 0; (A.182)

where in the second line we expanded the maximally entangled operator
P

m,n jmihnj 
 jmihnj
in the operator basis fP γ

�Agγ , and used Pγ
�a := E �A(P

γ
�A).

Under the fixed identification r̄ ’ L �a , the operator � �r �A defined in (A.180) coincides (up

to relabeling) with the normalized Choi operator of E �A. Since E �A is completely positive, its

Choi operator is positive semi-definite, and hence

� �r �A � 0:
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Moreover, with the convention P0
�A = I �A and P0

�a = E �A(I �A) = I �a , we have

Tr(� �r �A) =
1

d �A d̄
Tr

�
P0

�r 
 P 0
�A
�
=

1

d �A d̄
Tr(I �r ) Tr(I �A) = 1; (A.183)

so � �r �A is a valid density operator.

Any density operator admits a purification on an complement space of dimension at least

its rank. We therefore fix a Hilbert space HA2 with

dimHA2 � rank(� �r �A); (A.184)

and choose a purification j�i A2 �r �A such that

TrA2 j�i h�j = � �r �A: (A.185)

Define the product state

� r �r �A :=
1

d
I r 
 � �r �A;

which is the leading-order term in (A.179). A convenient purification of � r �r �A on rA 1A2r̄ Ā is

j� 0
0i :=

1
p

d

dX

i=1

jii r 
 jii A1

 j�i A2 �r �A ; (A.186)

where we used HA1 ’ r to purify 1
d I r by the maximally entangled state 1p

d

P
i jii r jii A1

.

If the physical subsystem A is large enough to accommodate the purification j� 0
0i i.e. if

d rank � �r �A � d A; (A.187)

then we choose HA2 such that the HA has the following decomposition,

HA ’ (H A1 
 H A2 ) � H A3 : (A.188)

Otherwise, if (A.187) fails, we adjoin an auxiliary system E initialized in j0i E and work in

HAE = HA 
 H E , choosing HE large enough so that

d dimHA2 � d A dE : (A.189)

In this case we obtain the analogous decomposition

HAE ’ (H A1 
 H A2 ) � H A3 : (A.190)

In what follows we write AE for the purifying register, with the understanding that the special

case dE = 1 corresponds to no ancilla (for the case (A.187) holds).

Using the standard inequalities

1 �
p

F (�; �) �
1

2
k� � �k 1�

p
D
2

k� � �k 2; D := dim(supp);
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and noting that � r �r �A and � r �r �A act on a space of dimension D = dL d �A, we obtain

1 �
p

F (� r �r �A; � r �r �A) �
p

dLd �A
2

k� r �r �A � � r �r �Ak

= �
p

dLd �A
2

q
Tr(� r �r �A� y

r �r �A): (A.191)

Substituting the expansion (A.181) of � r �r �A and using orthonormality of the operator basis on

Ā gives

Tr(� r �r �A� y
r �r �A) =

1

d2
Ld �A

d2
�A �1X

γ=0

Tr
�

Ȳ γȲ γy
�

; (A.192)

and therefore

1 �
p

F (� r �r �A; � r �r �A) �
�

2
p

dL

� X

γ

Tr(Ȳ γȲ γy)
� 1/2

=
�

2
p

dL
kȲ k; (A.193)

where

kȲ k:=

0

@
d2

�A �1X

γ=0

Tr(Ȳ γȲ γy)

1

A

1/2

:

By Uhlmann’s theorem, there exists a purification j� 0i of � r �r �A on the purifying register

AE such that

F (� r �r �A; � r �r �A) = jh�; 0 E j � 0ij 2; TrAE j� 0i h� 0j = � r �r �A; (A.194)

and this overlap is maximal over all purifications of � r �r �A on AE. Combining with (A.193)

yields

kj�i j0i E � j� 0i k 2 = 2 � 2< h�; 0 E j� 0i = 2(1 �
p

F (� r �r �A; � r �r �A)) �
�

p
dL

kȲ k; (A.195)

hence

kj�i j0i E � j� 0i k�
�

�
p

dL
kȲ k

� 1/2
: (A.196)

Finally, since j� 0i and j� 0
0i are both purifications of � r �r �A, they differ by a unitary on the

purifying register AE. That is, there exists a unitary R AE on AE such that

j� 0i = (R y
AE 
 I r �r �A) j� 0

0i : (A.197)

Plugging this into (A.196), we may write

j�i j0i E = Ry
AE j� 0

0i + N (�) j�i ; (A.198)

– 56 –



for some unit vector j�i, where the error amplitude obeys

N (�) = kj�i j0i E � R y
AE j� 0

0ik �
�

�
p

dL
kȲ k

� 1/2
:

Since � �r := Tr �A(� �r �A) = 1
�d I �r has a flat spectrum, any purification j�i A2 �r �A of � �r �A has

uniform Schmidt coefficients across the bipartition r̄ : (A 2Ā). In particular, we may choose

a Schmidt decomposition of the form

j�i =
1

p
d̄

�dX

j=1

jji �r 
 j� j i A2 �A ; (A.199)

where the vectors fj� j ig
�d
j=1 are orthonormal in HA2 
 H �A.

Substituting (A.199) into the purification j� 0
0i and using Eq. (A.198), we obtain

RAE j�i j0i E =
1

p
dL

dX

i=1

�dX

j=1

jiji r �r 
 jii A1

 j� j i A2 �A + N (�)R AE j�i : (A.200)

By the same argument applied to the A-supported part of the aKL condition, there exists

a unitary R �A �E on Ā and auxiliary Ē, and a purification j� 0i �A2rA
of the corresponding reduced

state such that

R �A �E j�i j0i �E =
1

p
dL

dX

i=1

�dX

j=1

jiji r �r 
 jji �A1

 j� 0

ii �A2A
+ N (�)R �A �E j� 0i ; (A.201)

with N (�) �
p

� kY k=dL.
Comparing (A.200) and (A.201) (they describe the same state j�i j0i E �E after adjoining

with auxiliary systems) gives an averaged bound:

1

dL

dX

i=1

�dX

j=1




 jii A1
R �A �E j� j i j0i �E � jji �A1

RAE j� 0
ii j0i E





2
=



 N (�) j� 0i j0i E � N (�) j�i j0i �E


 2

� (N (�) + N (�)) 2: (A.202)

Hence there exists a fixed index i 0 2 f1; : : : ; dg such that

�dX

j=1




 ji 0i A1
R �A �E j� j i j0i �E � jji �A1

RAE j� 0
i0 i j0i E





2

� d̄ (N (�) + N (�)) 2: (A.203)

Taking the inner product of each term in (A.203) with hi0jA1
produces a joint (unnor-

malized) state on A2Ā2,

j�̃i A2 �A2
:= (hi0jA1


 I A2 �A2
)RAE j� 0

i0 i �A2A
j0i E :
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Let

j�i A2 �A2
:=

j�̃i A2 �A2p
h�̃j �̃i

:

Then (A.203) implies the following bound

�dX

j=1




 R �A �E j� j i A2 �A j0i �E � jji �A1

 j�i A2 �A2





2

� d̄
�
N (�) + N (�)

� 2 : (A.204)

Substituting (A.204) back into (A.200) gives the desired approximate factorization of the

code basis. Equivalently,
vuut

dX

i=1

�dX

j=1




 j eiji j0i E �E � (R y
AE 
 R y

�A �E)(jii A1

 jji �A1


 j�i A2 �A2
)





2
(A.205)

=
p

dL








RAE 
 R �A �E j�i j0i E �E �

1
p

dL

dX

i=1

�dX

j=1

jiji r �r 
 jiji A1 �A1

 j�i A2 �A2








(A.206)

�

vuut
dX

i=1

�dX

j=1



 R �A �E j� j i j0i �E � jji �A1

 j�i A2 �A2



 2
+

p
dL N (�) (A.207)

�2
p

dL (N (�) + N (�)) (A.208)

�2
p

� (
p

kY k +
q

kȲ k): (A.209)

where in the last step we used the bounds on N (�) and N (�) established earlier.

Now define, for each logical basis label k 2 f1; : : : ; d Lg,

jt ki := (R y
AE 
 R y

�A �E) jki A1 �A1

 j�i A2 �A2

: (A.210)

The vectors fjt kigdL
k=1 are orthonormal and span a subspace HT � H P 0 := HAE 
 H �A �E

isomorphic to the unskewed (exact subsystem complementary) code subspace. Extend fjt kig
to an orthonormal basis of HP 0, and denote the orthogonal complement of HT by HT ? .

Define a unitary U on HP 0 by specifying its action on HT and HT ? :

U :=
�

j0i E �E 

dLX

k=1

jk̃ihtkj
�

� I H T ? : (A.211)

(Here fj k̃ig is the corresponding orthonormal basis of the code C, and the direct sum is with

respect to HA �A = HT � H T ? .)

We next bound kU � Ik on H T . Let j i 2 H P 0 be arbitrary with expansion j i =P dL
i=1 � i jt ii + � ? jt ? i, where jt ? i 2 H T ? and

P dL
i=1 j� ij2� 1. Then

k(U � I) j i k =





dLX

i=1

� i(j ĩi j0i � jt ii)



 �

vuut
dLX

i=1

kj ĩi j0i � jt ii k 2 (A.212)
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� 2
p

� (
p

kY k +
q

kȲ k); (A.213)

where we used the bound in Eq. (A.209) obtained previously.

Eq. (A.213) implies the spectral-norm (denoted as k�k2) bound

kU � Ik 2� 2
p

� (
p

kY k +
q

kȲ k): (A.214)

Finally, using the standard estimate klogUk2� π
2 kU � Ik 2 for unitaries with spectrum

in the principal branch, together with (A.214), we conclude that there exists a Hermitian

operator W on HA �A and a parameter � 0 > 0 such that U = eiϵ0W with

� 0kW k2= klogUk2� �
p

� (
p

kY k +
q

kȲ k);

Using the norm jY j and jȲ j, defined as

jY j:= sup
kXk�1

max
i,j

jYij(X)j; j Ȳ j:= sup
kXk�1

max
i,j

jȲij(X)j; (A.215)

we obtain

� 0kW k2� �
p

� dL (
p

dAjY j +
q

d �AjȲ j): (A.216)

Since U � I vanishes on H T ? by definition, this leads to a bound in Frobenius norm:

� 0kW kF � �
p

� dL (
p

dAjY j +
q

d �AjȲ j) (A.217)

We now prove the reverse implication (2))(1).
In what follows, we incorporate the ancillas into the corresponding physical subsystems,

i.e. we replace A  AE and Ā  ĀĒ, and similarly for the codewords j ĩi P  jii P j0i E �E .

Assume the approximate recovery form (4.19), and write each codeword as

j ĩi = e iϵ0W jt ii ; (A.218)

where

jt ii := (R y
A 
 R y

�A)
�

ji Li A1 �A1

 j�i A2 �A2

�
: (A.219)

The family fjt iig therefore consists of codewords of an unskewed subsystem complementary

code. Equivalently, there exists an isometry Vt : HL ! H P such that

jt ii = Vt ji Li (8 i): (A.220)

For an exact subsystem complementary code, there is a linear map E �A : B(H �A) ! B(L �a )

satisfying, for all X �A,

htij (I A 
 X �A) jt j i = hiLj (I a 
 E �A(X �A)) jj Li : (A.221)
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Moreover, E �A is completely positive: the reduced state obtained from the Choi vector 1p
dL

P
i jii r �r jt ii

is (up to normalization and the identification r̄ ’ L �a ) the Choi operator J(E �A), hence positive

semidefinite, which is equivalent to complete positivity.

It remains to compare matrix elements in the perturbed code fj ĩig to those in the exact

code fjt iig. For any operator O 2 B(H P ),

���h̃ij O j j̃i � ht ij O jt j i
��� =

���htij (e�iϵ 0WOeiϵ
0W � O) jt j i

���

� ke �iϵ 0WOeiϵ
0W � Ok 2: (A.222)

Using the integral representation of the conjugation derivative,

e�iϵ 0WOeiϵ
0W � O =

Z ϵ0

0
ds

d
ds

�
e�isW OeisW

�
=

Z ϵ0

0
ds (�i)e �isW [W; O]eisW ;

and unitary invariance of the Hilbert–Schmidt norm, we obtain

ke�iϵ 0WOeiϵ
0W � Ok 2 �

Z ϵ0

0
ds k[W; O]k2� � 0k[W; O]k2� 2� 0kW k2 kOk2; (A.223)

where the last inequality uses kABk 2� kAk 2kBk2 and the triangle inequality.

In particular, for O = IA 
X �A with kX �Ak2= 1, combining (A.221) with (A.222)–(A.223)

yields

� jY ij(X �A)j =
���h̃ij (I A 
 X �A) j j̃i � hi Lj (I a 
 E �A(X �A)) jj Li

���

=
���h̃ij (I A 
 X �A) j j̃i � ht ij (I A 
 X �A) jt j i

��� � 2� 0kW k2: (A.224)

This is exactly the desired aKL bound for Ā-supported operators (and the A-supported case

is identical), completing the proof.

A.7 Theorem 4.5

We generalize the PA entropy calculation to the case where the resource state j�i has a non-flat
entanglement spectrum. The proof follows the same steps as the flat-spectrum calculation in

Appendix (A.2), with the only difference that the reduced state � A2 is no longer proportional

to the identity. We therefore indicate only the required modifications to the Weingarten

(WG) evaluation and to the spectral s-integrals. All other steps (the perturbative relative-

entropy expansion (A.10), the Haar averaging over U; V on A1 and Ā1, and the diagrammatic

reduction to W–R building blocks) are unchanged.

In this section, we focus on the case where jĀ1j is empty, generalizing Theorem 4.2. Write

the Schmidt decomposition of the resource state as

j�i A2 �A2
=

X

p

p � p jpi A2
jpi �A2

; � p > 0;
X

p

� p = 1; (A.225)
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so that the reduced state � A2 is diagonal with possible degeneracies,

� A2 =
X

m

� mΠm �
M

m

� m I m; (A.226)

where Πm acting on A2, is the projector onto the eigenspace of eigenvalue � m, and I m denotes

the identity on that eigenspace.

In the unperturbed limit, the recovered boundary state of an exact code factorizes, so

� (0)
A1A2

= � (0)
A1


 � A2 , and the resolvent appearing in D ln (�
(0)
A1A2

) is

ΓA1A2 (s) := (� (0)
A1


 � A2 + sI) �1 =
X

m

Γm(s) 
 Π m; Γm(s) := (� m� (0)
A1

+ sI) �1 : (A.227)

For the boundary-WG diagrams, every occurrence of the flat-spectrum resolvent Γ(s) =
(d�1

χ � (0)
A1

+ sI) �1 is now replaced according to the the block decomposition (A.227). For

example, any boundary term containing Tr(� (0)
A1

Γ(s)) Tr(� (0)
A1

Γ(s)) is replaced by

Tr(� (0)
A1

ΓA1A2 (s)) Tr(�
(0)
A1

ΓA1A2 (s)) ! Tr(� (0)
A1

Γm(s)) Tr(� (0)
A1

Γn(s)): (A.228)

Similar block decomposition also occurs to operators whose support has overlap with A2. To

make this structure explicit, we adopt the convention that for any operator X on MA 2 we

write its � A2 -eigenbasis block components as

X mn := (I M 
 Π m)X (I M 
 Π n); (A.229)

where M denotes any subregions of A 1Ā. We have X =
P

m,n X mn and each X mn is a linear

map HM 
 Ran(Π n) ! H M 
 Ran(Π m). As a result, each boundary WG contraction splits

into a sum over block labels. For example, the flat-spectrum combination
R

ds R1(s)W2 is

replaced by
Z 1

0
ds R1(s)W2 !

X

m,n

Z 1

0
ds Tr(� (0)

A1
Γm(s)) Tr(� (0)

A1
Γn(s)) � (A.230)

Tr
h
Tr �A((WR�) mn) Tr �A((WR�) nm)

i
; (A.231)

where (WR�) mn denotes the (m; n) block defined in (A.229). Each block (�)mn can be viewed

as a linear map HA1 �A 
 H An
2

! H A1 �A 
 H Am
2
.

On the bulk side, the WG evaluation is unchanged: all bulk diagrams trace out A2 (as in

the flat case, e.g. the analogues of W7 and W8), so no A2-block labels survive in the resolvent.

Equivalently, the bulk relative entropy still depends on A1 only through the same operator

Γ(s) = (d�1
χ � (0)

A1
+ sI) �1 ; (A.232)

while the dependence on � enters only through the A 2-traced contractions of WR�
We now express the resulting block-summed answer in a compact operator form. Define

the Hermitian operators

J := dχ Tr �A2

�
fW R; j�i h�jg

�
; D := id χ Tr �A2

�
[WR; j�i h�j]

�
; (A.233)
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same as the definitions in (A.45) in the flat-spectrum case. In the eigenbasis of � A2 , we

decompose J and D into block components by inserting the projectors Πm on A2:

Jmn := (I A1 
 Π m) J (I A1 
 Π n); Dmn := (I A1 
 Π m)D (I A1 
 Π n); (A.234)

so that J =
P

m,n Jmn and D =
P

m,n Dmn, matching the block-index structure produced by

resolving every A2 wire as explained above.

After performing the Haar average over U on A1, the same Weingarten rules as in Ap-

pendix (A.2) again separate the answer into a product of (i) spectral functions coming from

the s-integrals involving Γm(s) and Γn(s), and (ii) purely algebraic contractions of WR and

�, which can be written in terms of the blocks J mn and Dmn. We record the resulting re-

placements in the same order as the flat-spectrum decomposition (4.13), starting with the

J-sector.
Concretely, the flat contribution c1f 1(�) is promoted to a block-sum

c1f 1(�) �!
X

m,n

cmn
1 f mn

1 (�); (A.235)

where cmn
1 is obtained from the J-dependent trace combinations in (A.48) by resolving every

A2-contraction into block components.

Equivalently, one applies the rule

J 7! J mn; J 2 7! J mnJnm; TrA1 (J) 7! Tr A1 (Jmn);

and similarly for the remaining traced quantities. In particular, each occurrence of Tr(J 2)

is replaced by Tr(JmnJnm), and each occurrence of Tr(TrM (J)2) is replaced, in the same

manner, by Tr(TrM (Jmn) TrM (Jnm)), where M is any subsystem of AĀ
Hence, we have:

cmn
1 (J) :=

d
2dχ (d2 � 1)

"

TrA1A2 (JmnJnm) �
1

d
TrA2 (TrA1 (Jmn) TrA1 (Jnm))

�
� mn

dχ
TrA1

�
TrA2 (Jmm)2�

+
� mn

d dχ
TrA1A2 (Jmm)2

#

:

(A.236)

The terms in c1 that originate from tracing out A2 remain diagonal in the block labels,

since a complete trace over A2 collapses ΠmΠn = � mnΠm. The corresponding spectral factor

f mn
1 (�) is obtained from the same linear combination of s-integrals that defines f 1(�) in

(A.40), with the boundary resolvents replaced as Γ(s) 7! Γm(s) and Γ(s) 7! Γn(s). Writing

� (0)
A1

=
P

i � ijiihij, one convenient closed form is

f mn
1 (�) =

1

2d

X

ij

(� i � � j)
2

(� m� i � � n� j)
ln

� m� i

� n� j
: (A.237)

with the continuous extension at � m� i = � n� j understood. When � m = � n = 1=dχ this

reduces to the flat-spectrum function f 1(�).
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Next, the contribution that in the flat case recombined into c2f 2(�) is promoted to

c2f 2(�) �!
X

m,n

cmn
2 f mn

2 (�); (A.238)

with coefficients expressed by the same D-trace combinations as in (A.48), but evaluated on

the block products DmnDnm:

cmn
2 (D) :=

d
2dχ(d2 � 1)

�
TrA1A2 (DmnDnm) �

1

d
TrA2

�
TrA1 (Dmn) TrA1 (Dnm)

� �
: (A.239)

The associated spectral function f mn
2 (�) is obtained from the same linear combination of s-

integrals that defines f 2(�) in (A.40), with the replacement Γ(s) 7! Γ m(s) and Γ(s) 7! Γn(s).
In the eigenbasis of � (0)

A1
, a convenient closed form is

f mn
2 (�) =

X

i,j

1

2d
(� i + � j)

2

� m� i � � n� j
ln

� m� i

� n� j
; (A.240)

where again the continuous extension at � m� i = � n� j is understood, and the constant terms

arise from the same normalization pieces as in the flat-spectrum evaluation.

Collecting these block-resolved contributions together with the similarly promoted con-

stant term c3 !
P

m,n cmn
3 yields the stated structure

hScorr i = � c 0 +
� 2

2

X

m,n

�
cmn

1 f mn
1 (�) + c mn

2 f mn
2 (�) + c mn

3

�
;

where c0 arises solely from the term �Tr(�� ln �) in the general proto-area identity Eq. (A.7).

For a flat entanglement spectrum of � A2 one has �� = 0 and this contribution vanishes,

whereas for a non-flat spectrum it is generically nonzero and produces an O(�) correction

after Haar averaging.

The monotonicity statements follow from Appendix C after the block replacement. For

each fixed pair (m; n), we have shown in Appendix C that the functions f mn
1 (�) and f mn

2 (�)
are each monotonically decreasing with bulk entanglement (even though their s-integral repre-
sentations differ from those of f 1; f 2). Since the corresponding coefficients cmn

i are nonnegative

by construction, the block-summed correction inherits these monotonicity properties.

A.8 Theorem 4.6

We now extend Theorem (4.3) to a general resource state j�i A2 �A2
with non-flat entanglement

spectrum. The derivation proceeds exactly as in the flat-spectrum pure-state analysis of

Appendix (A.4), with the only change being the block-resolution procedure introduced in the

mixed-state generalization of Appendix (A.7).

Specifically, every boundary and bulk trace diagram containing an A2 wire is modified

by the same replacement rule: � A2 is promoted to the direct sum of spectral projectors (see

Eq. (A.226)), while the corresponding A1A2 resolvents are replaced by their block-diagonal
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versions (see Eq. (A.227)). Accordingly, we record only the resulting promoted coefficients

and spectral functions.

Define J and D exactly as in the flat-spectrum pure case,

J := dχ Tr �A2
(fW R; j�i h�jg) ; D := id χ Tr �A2

([WR; j�i h�j]) ; (A.241)

now regarded as operators acting on A1Ā1A2. Decomposing A2 into the eigenspaces of

� A2 induces corresponding block components Jmn and Dmn, viewed as maps from the n-
th eigenspace of � A2 to the m-th eigenspace.

Upon carrying out the same independent local Haar averages over U on A1 and V on Ā1,

the Weingarten calculus produces the same diagrammatic structure as in Appendix (A.4),

with the only change that each flat-spectrum coefficient is promoted to a double sum over

block labels (m; n). Accordingly, the flat-spectrum decomposition in Eq. (A.127) is replaced

by

hScorr i =�k 0 +
� 2

2

X

m,n

�
kmn

1 f mn
1 (�) + k mn

2 f mn
2 (�) + k mn

3

�
f mn

3 (�) �
1

d2

�
1 +

d
d̄

�
f mn

2 (�)

+
1

d2 f mn
1 (�)

�
+ kmn

4

�
f mn

3 (�) �
1

dd̄
f mn

1 (�)
�
+ kmn

5 (f mn
2 (�) � f mn

1 (�)) + k mn
6

�
;

(A.242)

where dim L a = d and dim L �a = d̄ as before, and f mn
3 is defined as:

f mn
3 (�) =

1

2d

X

i,j

� i + � j

(� m� i � � n� j)
ln

�
� m� i

� n� j

�
: (A.243)

Each coefficient kmn
ℓ is obtained from its flat-spectrum counterpart kℓ by promoting J ! J mn

and D ! D mn within the same trace polynomials. In particular, every occurrence of Tr(J 2)

and Tr(D 2) is replaced by Tr(JmnJnm) and Tr(DmnDnm), respectively, while every squared

partial trace is replaced by the corresponding product of blockwise partial traces. For example,

Tr(TrM (J)2) 7! Tr(TrM (Jmn) TrM (Jnm));

Tr(TrM (D)2) 7! Tr(TrM (Dmn) TrM (Dnm));

for any subsystem M appearing in k ℓ.

The spectral functions f mn
ℓ (�) are defined by evaluating the same s-integral combinations

that define f ℓ(�), but with the A 1A2 resolvent factors on the two boundary legs replaced by

(Γm(s);Γn(s)). Equivalently, after diagonalizing � (0)
A1

=
P

i � i jiihij, they may be obtained

from the flat-spectrum expressions by replacing � i 7! � m� i and � j 7! � n� j wherever these

eigenvalues enter through the resolvents. In the special case � m = � n = 1=dχ, these definitions
reduce to the flat-spectrum ones. Their monotonicity then follows pointwise in (m; n) from

the same integrand-level argument used in Appendix C.
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Finally, because � A2 is not maximally mixed, the proto-area identity acquires an addi-

tional first-order contribution, � k 0; where k0 arises from the term Tr(�� ln �) in Eq. (A.7).

Combining all block-resolved contributions yields the statement of the theorem, with hSPAi =
S(�) � hS corr i and hScorr i given by Eq. (A.242).

For each fixed block pair (m; n), the functions f mn
1 (�), f mn

2 (�), and f mn
3 (�) are mono-

tonically decreasing in � by the same integrand-level argument as in Appendix C. Thus, in

(A.242) the only potentially non-monotone structure is the difference f mn
2 (�) � f mn

1 (�), which
appears with coefficient kmn

5 . The typicality argument from the flat-spectrum pure case car-

ries over directly: under the same Gaussian-ensemble model for the product-basis coefficients

of WR, each promoted coefficient kmn
ℓ concentrates around its term-counting estimate, and

the coefficient sector multiplying f mn
2 � f mn

1 is typically suppressed relative to the dominant

monotone sector. Since (A.242) is a finite sum over (m; n), a union bound implies that the

probability that any block produces a monotonicity-violating fluctuation remains exponen-

tially small (up to a prefactor polynomial in dχ), exactly as in the flat-spectrum analysis. So

in the large d and d̄ limit, we find that the typical PA entropy correction in the non-flat case

is dominated by the block-summed f mn
3 sector,

hScorr i =
� 2

2

X

m,n

(kmn
3 + kmn

4 ) f mn
3 (�) + O

�
1

d2

�
+ O

�
1

d̄2

�
: (A.244)

B Magic of the code

In this section, we compute the magic of the skewed code. In the main text, we have defined

the Choi state of the skewed code to be

jV (ϵ) i :=
1

p
dL

dLX

i=1

jii R 
 e iϵWR jii A1 �A1
j�i A2 �A2

: (B.1)

The magic of the state is quantified using stabilizer Renyi entropy (SRE), defined as

M α(jV (ϵ) i) =
1

1 � �
log

 

2�n
4nX

s=1

jhV(ϵ) j Ps jV (ϵ) i j 2α

!

; (B.2)

where Ps’s are the Pauli string operators on R [ A 1 [ Ā1 [ A 2 [ Ā2. We decompose the Pauli

string operator Ps into tensor product of four parts, Pa; Pb; Pc; Pd, supported on R; A 1Ā1; A2;
and Ā2 respectively. Up to order � 2, expectation value of the Pauli string is as:

jhV(ϵ) jPa 
 P b 
 P c 
 P djV (ϵ) ij (B.3)
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=
1

dLdχ

2

66666664

+ i�

0

BBBBBBB@

+

1

CCCCCCCA

�
� 2

2

0

BBBBBBB@

+ � 2

1

CCCCCCCA

3

77777775

� � ab� cd + �f abcd �
� 2

2
gabcd + O(� 3)

where f abcd and gabcd are defined in the equation.

Using this expansion, we derive the SRE up to second order of � as:

M α

�
jV (ϵ) i

�
=

1

1 � �
log

"
1

(dLdχ)2

X

abcd

���� � ab� cd + �f abcd �
� 2

2
gabcd

����
2α

#

+ O(� 3)

=
1

1 � �
log

"
1

(dLdχ)2

X

abcd

�
� ab� cd + 2� � � ab� cdf abcd � � � 2 � ab� cd(gabcd + (1 � 2�)f 2

abcd)
� #

+ O(� 3)

=
1

1 � �
log

"
1

(dLdχ)2

X

abcd

�
� ab� cd � � � 2 � ab� cd gabcd

� #

+ O(� 3)

=
1

1 � �
log

"

1 �
� � 2

(dLdχ)2

X

a,c

gaacc

#

+ O(� 3)

=
�

� � 1
� 2

(dLdχ)2

X

a,c

gaacc + O(� 3): (B.4)

where we have used the fact that � ab� cdf abcd = 0, since P2
a = I.

Using the identity 1
d

P
a PaOPa = Tr(O)I, we can further simplify the sum to:

X

ac

gaacc =
1

dLdχ

X

ac

+ � 2 (B.5)
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= 2(ddχ)

0

BBBBBBB@

�
1

dLdχ

1

CCCCCCCA

:

Substitute it into Eq. (B.4) we obtain

M α(jV (ϵ) i) =
2�

� � 1
� 2

dL

�
Tr(hW2

Ri χ) �
1

dLdχ
Tr(hWRi χ)2

�
+ O(� 3); (B.6)

where hWRi χ := h�j W R j�i, with j�i A2 �A := 1p
d�

P
i jii A2

jii �A2
.

Finally, we rewrite the SRE using J and D tensors defined in Eq. (A.102):

M α(jV (ϵ) i) =
�

2(� � 1)
� 2

dLdχ

�
Tr(J 2) �

1

dLdχ
Tr(J)2 +Tr(D 2)

�
+ O(� 3): (B.7)

Next, we use this formula to compute the amount of perturbative tripartite non-local magic

in the state jV (ϵ) i.

B.1 Case I: j Ā1j= 0

In this case, we have dimHL = dimL a = d, and d̄ = dim L �a = 1. The perturbative tripartite

non-local magic is defined as the minimal magic that cannot be removed by the 2-local

unitaries. In the case when Ā2 is empty, the 2-local unitary is parametrized as

exp
�

i�
�
TA1A2 
 I �A + TA1 �A 
 I A2 + TA2 �A 
 I A1

�	
(B.8)

The J term can be set to 0 by shifting WR ! W R+TA1A2 
I �A+TA1 �A 
I A2 , corresponding

to the local unitary transformation on A1A2 and A1Ā, as discussed in the last section; D is

unchanged under this shift. The only 2-local transformation left is the shift I A1 
T A2 �A, which

changes D by D ! D + I A1 
 T D
A2 �A, with TD defined as

TD := idχTrA2 ([T; �]) : (B.9)

After setting J = 0 and include this shift to SRE, we find

M (3)
α (jV (ϵ) i) =

�
2(� � 1)

� 2

ddχ
min
TD

Tr
�
(D + I 
 T D)2�

+ O(� 3): (B.10)

To find the TD that minimizes the nonlocal magic, we expand D on H A1 
 H A2 �A

D = I 
 � 2 + � 1 
 I +
X

a

� a1 
 � a
2 (B.11)
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where each � ai are traceless. The expression of the trace becomes

Tr
�
(D + I 
 T D)2�

= dTr
�
(� 2 + TD)2�

+ dχTr(� 2
1) +

X

a

Tr((� a1)
2) Tr((� a2)

2): (B.12)

Clearly, picking

TD = �� 2 = �
1

d
TrA2 �A(D)

minimizes Eq. (B.10). Substituting it back, we find

M (3) (jV (ϵ) i) =
�

2(� � 1)
� 2

ddχ

�
TrA 1A 2 (D

2) �
1

d
TrA2

�
TrA1 (D)2

� �
+ O(� 3): (B.13)

This is exactly c2 (see Eq. (A.48)) up to constant prefactors. This proves Theorem 5.1.

B.2 Case II: j Ā1j> 0

The case with nontrivial Ā1 is analogous by treating A1 and Ā1 equivalent with their respective

reference systems. Now we have dL = dd̄. The 2-local perturbation can be on any pair in

fA 1; A2; Ā1; Ā2g. To the O(�2):

M α(jV (ϵ) i) =
�

2(� � 1)
� 2

dd̄dχ

�
Tr(J 2) �

1

dd̄dχ
Tr(J 2) + Tr(D 2)

�
; (B.14)

where d, d̄ and dχ are the dimensions of L a, L �a and HA2 (same size as H �A2
). To see how M

is minimized in the equivalent class under 2-site local unitaries, we decompose J and D in

terms of the Pauli operators on A1, Ā1 and A2 [ Ā2:

J =
d2 �1X

r=0

�d2 �1X

s=0

d2
� �1X

t=0

prst(J)PrPsPt (B.15)

D =
d2 �1X

r=0

�d2 �1X

s=0

d2
� �1X

t=0

prst(D)PrPsPt (B.16)

Plugging these expressions back in gives:

M α(jV (ϵ) i) =
�

2(� � 1)
� 2

d2 �1X

r=0

�d2 �1X

s=0

d2
� �1X

t=0

�
p2
rst(J) + p2

000(J) + p2
rst(D)

�
: (B.17)

This is a sum of quadratic functions. Now we show that some of the terms in this sum can

be removed by applying 2-local unitaries, thereby minimizing SRE of the code. For example,

a carefully chosen 2-site unitary on A1Ā1, in the form of eiϵTA 1 �A 1 , can dial value of crs0(J)
with r; s > 0 to zero. Because this transformation shift W R by

WR ! W R + TA1 �A1

 I A2 �A2

: (B.18)
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This transform J and D by

J !J + 2T A1 �A1

 I A2

D !D:
(B.19)

This transformation only changes the Pauli coefficients crs0(J) and can change it to any

value. Therefore to minimize SRE we set this coefficient to zero.

More generally we have the following list of two local unitary generators and the corre-

sponding Pauli coefficients that they could affect:

TA1A2 : pr0t(J); TA1 �A1
: prs0(J); TA1 �A2

: pr0t(J); TA2 �A1
: p0st(J);

T �A1 �A2
: p0st(J); TA2 �A2

: p00t(J); p00t(D):
(B.20)

By this token, after setting the corresponding coefficients to zero we obtain

M (3)
α (jV (ϵ) i) =

�� 2

2(� � 1)

X

r>0,s>0,t>0

�
p2
r0t(D) + p2

0st(D) + p2
rst(D) + p2

rst(J)
�

(B.21)

=
�� 2

2(� � 1)
(CD + BD + ED + EJ) ; (B.22)

according to the definition in Eq. (A.109) and Eq. (A.115). Since these coefficients are still

positive after all possible 2-site unitary perturbations, we conclude that there is non-trivial

non-local magic in a generically perturbed jV (ϵ) i. In terms of the coefficients k i’s, this is

M (3)
α (jV (ϵ) i) =

�� 2

(� � 1)

�
(1 �

1

d2 )(1 �
1

d̄2 )(k3 + k4) + (1 �
1

d2 )k2 + (1 �
1

d̄2 )k5

�
(B.23)

Here we provide some intuition for why local or bipartite forms of magic do not produce

a state-dependent proto-area. First, any local non-Clifford deformation of the code of the

form

V ! O AOy
AV Oy

AOy
�A; (B.24)

can be absorbed into the recovery unitaries RA and R �A. Such deformations therefore leave

both the boundary entropy and the bulk entropy unchanged.

Moreover, deformations that act separately on A1Ā1 and on A2Ā2 transform the bulk

matter degrees of freedom j i L and the geometric auxiliary state j�i independently, without
generating correlations between them. As discussed in Sec. 2, such matter–geometry correla-

tions are necessary ingredients for nontrivial state dependence of the (proto-)area. We do not

have a simple argument for why other bipartite unitaries do not produce state-dependence

except by referring to the technical proof above.

C Monotonicity of functions

C.1 Monotonicity of f 1

Flat � spectrum

We will show that f 1 is a monotonic function of � k 2 (0; �=4), where � k is an arbitrary angle

defined in (A.42). We have defined f 1 in (A.40), which can be rewritten in terms of the
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spectrum of � (L) (A.44) as

f 1(f�g) = �
1

2n
Tr(ln � (L) ) + S(� (L) ) (C.1)

=

nX

k=1

�
1

2
(log pk + log(1 � p k)) � (p k log pk + (1 � p k) log(1 � p k)) (C.2)

=

nX

k=1

(pk �
1

2
) log

pk
1 � p k

:=

nX

k=1

g(pk); (C.3)

where S is the classical Shannon entropy � (L) and we used the fact that the product structure

(A.43) implies that the two terms are the sum of the function of the single qubit spectrum.

Now we only need to show the monotonicity of g(p(�)):
A direct differentiation gives

g0(p) = ln
p

1 � p
+

2p � 1
2p(1 � p)

> 0; (C.4)

when p 2 (1=2; 1) and g0(1=2) = 0. On the other hand, we have p(�) = cos2 � 2 [1=2; 1) when
� 2 (0; �=4], which gives

dp
d�

= � sin(2�) < 0: (C.5)

By the chain rule, the following inequality holds:

d
d�

g(p(�)) = g0(p(�))
dp
d�

< 0 for � 2 (0; �=4]; (C.6)

with strict inequality for � 2 (0; �=4).

Non-
at � spectrum

In the general setting of Theorems (4.5) and (4.6), we defined the quantity f mn
1 in Eq. (A.237)

by

f mn
1 (�) =

1

2d

X

i,j

(� i � � j)
2

(� m� i � � n� j)
ln

� m� i

� n� j
: (C.7)

The expression is continuous, with the apparent singularity at � m� i = � n� j being remov-

able by taking the corresponding limit. We will show that f mn
1 is a monotonic function of

� k 2 (0; �=4), where � k is an arbitrary angle introduced in (A.42). We also use the same

parametrization of the eigenvalues introduced in Eq. (A.44) Since � m� i > 0 and � n� j > 0,

use

ln
x
y
=

Z 1

0
ds

�
1

s + y
�

1

s + x

�
; (C.8)

Then

f mn
1 (�) =

1

2d

X

i,j

Z 1

0
ds gmn

s (� i; � j); gmn
s (� i; � j) :=

(� i � � j)
2

(s + � m� i)(s + � n� j)
: (C.9)
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where It suffices to prove that, for each fixed s, the integrand is pointwise monotonic in

� k 2 (0; �=4]. To this end, rewrite the spectrum f� ig as an explicit function of p := pk,
keeping all remaining factors (‘ 6= k) in (A.44) fixed. The spectrum then decomposes into

two families,

f p ! β; (1 � p) ! β gβ2f0,1g n�1 ;

where the weight associated with the (n � 1)-bit string � is

! β =
Y

ℓ6=k

p1�β ‘
ℓ (1 � p ℓ)

β‘ : (C.10)

where � i denotes the i-th bit (component) of the string �.
Since each argument of gmn

s may come from either eigenvalue family, we can split the

double sum into the four possible group pairings:

X

i,j

gmn
s (� i; � j) =

X

β,τ2f0,1g n�1

h
gmn
s (p! β; p! τ ) + gmn

s ((1 � p)! β; p! τ )

+ gmn
s (p! β; (1 � p)! τ ) + gmn

s ((1 � p)! β; (1 � p)! τ )
i
; (C.11)

Differentiating the integrand with respect to p yields

@
@p

X

i,j

gs(� i; � j) = (2p � 1)Υ s(p);

where we have introduced the shorthand

Υs(p) =
X

β,τ

X mn
β,τ (p; s)

h
(� m ! σ p + s)(� n ! τ p + s)(� m ! σ(1 � p) + s)(� n ! τ (1 � p) + s)

i 2 : (C.12)

with

X mn
β,τ (p; s) = � 3

m ! 3
σ ! 2

τ

�
� 3
n(p � 1) 2p2 ! τ (! 2

σ + ! 2
τ ) � 2� 2

n(p � 1)p s
�

� 2(p � 1)p ! σ! τ

� (p � 1)p ! 2
σ + ((p � 1)p + 1)! 2

τ

�
+ � ns2(8(p � 1) 2p2 ! σ + ! τ ) + s3

�

+ � 2
ms ! 2

σ! τ

�
� 2� 3

n(p � 1)p ! 2
τ

�
� 2(p � 1)p ! σ! τ + ((p � 1)p + 1)! 2

σ � (p � 1)p ! 2
τ

�

� 4� 2
n(p � 1)p s ! τ

�
((p � 1)p + 1)! 2

σ + ((p � 1)p + 1)! 2
τ + 3! σ! τ

�
+ � ns2! τ

�
2(1�

8(p � 1)p)! σ + 3! τ

�
+ 2s3(! σ + 2! τ )

�
+ � ms2! σ

�
� 3
n! σ! 3

τ (8(p � 1) 2p2! τ + ! σ)

+ � 2
ns ! σ! 2

τ

�
2(1 � 8(p � 1)p)! τ + 3! σ

�
+ � ns2! τ

�
8(1 � 2(p � 1)p)! σ! τ + 3! 2

σ + 3! 2
τ

�

+ 2s3
�
2! σ! τ + ! 2

σ + 3! 2
τ

��
+ s3(� n! τ + 2s)

�
� 2
n! 2

σ! 2
τ + 2� ns ! σ! τ (! σ + ! τ )

+ 2s2(! 2
σ + ! 2

τ )
�

: (C.13)
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A direct symbolic check in Mathematica shows that, for parameters in the range 0 <

! β; ! τ < 1, s � 0,
1

2
< p < 1, 0 < � m; � n < 1, the numerator X mn

β,τ (p; s) is strictly positive.

Consequently the summand in Υs(p) is positive term-by-term, and therefore

Υs(p) > 0 for all p 2
� 1

2
; 1

�
:

Therefore, using Eq. (C.5) and the chain rule, for � k 2 (0; �=4] we obtain

@fmn
1

@�k
=

@fmn
1

@p
@p
@�k

< 0: (C.14)

C.2 Monotonicity of f 2

Flat � spectrum

Recall that we have defined (A.40):

f 2(f� ig) =

0

@ 1

2n�1 +
X

i6=j

1

2n+1
(� i + � j)

2

� i � � j
ln

� i

� j

1

A � 2 (C.15)

and we want to know that it is a monotonic function � k 2 (0; �=4] for all k. To study the

� k–dependence of f 2, we use the same parametrization of the eigenvalues introduced in Eq.

(A.44) and differentiate with respect to fixed pk. Since � i > 0, we substitute Eq (C.24) in

Eq (C.15) and the part of f 2 in the parenthesis can be written as:

F (f�g) =
Z 1

0
ds

X

i,j

(� i + � j)
2

(s + � i)(s + � j)
:=

X

i,j

Z 1

0
dshs(� i; � j): (C.16)

where we have defined

hs(� i; � j) =
(� i + � j)

2

(s + � i)(s + � j)
(C.17)

It suffices to show that the integrand is a point-wise monotonic function of � k 2 (0; �=4] in s.
Rewrite the spectrum � as an explicit function of p := p k for a fixed k and all the other factors

(i 6= k) in (A.44). Then we can split the spectrum into two groups: fp!β, (1 �p)! βgβ2f0,1g n�1

where the (n � 1)-bit string dependent ! β is defined as Eq (C.10). Since the two arguments

of hs can come from either group of eigenvalues, the sum can be split up into 4 terms that

contains all pairs of group inputs, as follows

X

i,j

hs(� i; � j) =
X

β,τ2f0,1g n�1

"

hs(p! β; p! τ ) + hs((1 � p)! β; p! τ )) + hs(p! β; (1 � p)! τ )

(C.18)

+ hs((1 � p)! β; (1 � p)! τ )

#

(C.19)

– 72 –



Differentiate the integrand with respect to p gives

@
@p

X

i,j

hs(� i; � j) = (2p � 1)Φ s(p);

where

Φs(p; s) =
X

β,τ

K β,τ (p; s)
�
(�pw β + s + wβ) (pwβ + s) (�pw τ + s + wτ ) (pwτ + s)

� 2 (C.20)

and

K β,τ (p; s) =(p � 1) 2p2w5
βw2

τ (2s + wτ ) + 2sw2
β

��
8p2 � 8p + 1

�
s2w3

τ + (p � 1) 2p2w5
τ

+2p
�
�3p 3 + 6p2 � 4p + 1

�
sw4

τ + 8(p � 1)ps 3w2
τ + 2s5 + s4wτ

�

+ w3
β

�
2

�
8p2 � 8p + 1

�
s3w2

τ + 2
�
6p2 � 6p + 1

�
s2w3

τ + (p � 1) 2p2w5
τ

+2p
�
�3p 3 + 6p2 � 4p + 1

�
sw4

τ + 2s5 + s4wτ

�
+ s4wβw2

τ (2s + wτ )

� 2p
�
3p3 � 6p 2 + 4p � 1

�
sw4

βw2
τ (2s + wτ ) + 2s5w2

τ (2s + wτ ) :

(C.21)

One can verify that K β,τ (p; s) is a strictly positive function for all 0 < wβ; wτ < 1, s � 0,
and 1=2 < p < 1, using Mathematica and Φ s(p) > 0 for p 2 (1=2; 1). Hence, by chain rule,

when p 2 (1=2; 1) or � 2 (0; �=4],

@f2
@�

=
@f2
@p

@p
@�

< 0 (C.22)

where we have applied equation (C.5).

Non 
at � spectrum

We define

f mn
2 (�) =

1

2d

X

ij

(� i + � j)
2

� m� i � � n� j
ln

� m� i

� n� j
(C.23)

We understand the potentially singular terms with � m� i = � n� j by continuous extension,

which is finite and well-defined. Substituting the following

ln
x
y
=

Z 1

0

x � y
s x + (1 � s) y

ds; x; y > 0: (C.24)

into (A.240), we get

f mn
2 (p) =

1

2d

Z 1

0
ds

X

i,j

 
(� i + � j)

2

s � m� i + (1 � s) � n� j

!

=
1

2d

Z 1

0
ds

X

i,j

hmn
s (� i; � j); (C.25)

where we define

hmn
s (x; y) :=

(x + y)2

s � mx + (1 � s) � ny
: (C.26)

– 73 –



Next, as in the flat-spectrum case, we partition the index set for � i into the two subsets

corresponding to fp ! βgβ2f0,1g n�1 and f(1 � p) ! βgβ2f0,1g n�1 . Therefore,

f mn
2 (p) =

1

2d

Z 1

0
ds

X

β,γ

h
hmn
s (p! β; p! γ) + hmn

s (p! β; (1 � p)! γ) + hmn
s ((1 � p)! β; p! γ)

+ hmn
s ((1 � p)! β; (1 � p)! γ)

i
: (C.27)

For each fixed s 2 (0; 1) and (�; 
), define the four-term block

F mn
s (p; �; 
) := h mn

s (p! β; p! γ) + hmn
s (p! β; (1 � p)! γ) + hmn

s ((1 � p)! β; p! γ) (C.28)

+ hmn
s ((1 � p)! β; (1 � p)! γ): (C.29)

By inspection, F mn
s (p; �; 
) = F mn

s (1 � p; �; 
), so F mn
s is symmetric about p =

1

2
. We now

show that F mn
s (p; �; 
) is convex in p. First note that the first and last terms in (C.29) are

affine in p: Hence

@2

@p2
hmn
s (p! β; p! γ) = 0;

@2

@p2
hmn
s ((1 � p)! β; (1 � p)! γ) = 0: (C.30)

It remains to treat the two cross terms. Let

g(p) := hmn
s (p! β; (1 � p)! γ) =

((! β � ! γ)p + ! γ)
2

(s� m! β � (1 � s)� n! γ)p + (1 � s)� n! γ
: (C.31)

This has the form g(p) =
(ap + b)2

cp + d
with cp + d > 0, and therefore

g00(p) =
2(ad � bc) 2

(cp + d)3
� 0; p 2 [1=2; 1): (C.32)

The other cross term hmn
s ((1 � p)! β; p! γ) is obtained by swapping � $ 
 and p $ (1 � p),

hence it is convex as well. Consequently, F mn
s (p; �; 
) is convex in p for each fixed (s; �; 
).

Hence for each fixed (s; �; 
), and sums/integrals preserve convexity, it follows from

f mn
2 (p) =

1

2d

Z 1

0
ds

X

β,γ

F mn
s (p; �; 
)

that f mn
2 (p) is convex in p. Moreover, f mn

2 (p) is symmetric under p $ (1 � p). Hence

f mn
2 (p) = f mn

2 (1 � p): (C.33)

For a convex function symmetric about p = 1
2 , the minimum is attained at p = 1

2 , and the

function is nondecreasing on [1
2 ; 1]. Therefore 7,

d
dp

f mn
2 (p) � 0; p 2

h1
2

; 1
�

: (C.34)

7 In particular, taking � m = � n = 1 recovers the function f 2 considered in the 
at case, so the above
provides an independent second proof of convexity/monotonicity for f 2

– 74 –



C.3 Monotonicity of f 3

Flat � spectrum

We will employ the same strategy by singling out p := pk, dividing the spectrum into two

groups fp ! β; (1 � p)! βgβ2f0,1g n�1 , and differentiating f 3 with respect to p.
Notice that

f 3(f� i(p)g) :=
X

i,j

� i + � j

2(� i � � j)
ln

� i

� j
(C.35)

depends only on the ratios between the eigenvalues f� ig. Let tij := � i=� j and define the

function on the positive axis

g(t) :=
t + 1

2(t � 1)
ln t; g(1) = 1 (C.36)

by continuity. Note that g(t) = g(t�1 ), and

g0(t) =
t2 � 1 � 2t log t

2(t � 1) 2t
: (C.37)

Now the monotonicity of f 3 can be repackaged in terms of all possible ratios between pairs of

eigenvalues:

f 3(�) =
X

σ,τ2f0,1g n�1

g
�

! σ

! τ

�
+ g

�
! σp

! τ (1 � p)

�
+ g

�
! σ(1 � p)

! τp

�
+ g

�
! τ

! σ

�

=
X

σ,τ2f0,1g n�1

2 g
�

! σ

! τ

�
+ g

�
! σp

! τ (1 � p)

�
+ g

�
! σ(1 � p)

! τp

�
: (C.38)

Let

t :=
p

1 � p
: (C.39)

Then t � 1 for p 2 [1=2; 1). We will show that the derivative of f 3 with respect to p,

@f3
@p

=
X

σ,τ2f0,1g n�1

1

p(1 � p)

�
! σ

! τ
t g0

�
! σ

! τ
t
�

�
! σ

! τ

1

t
g0

�
! σ

! τ

1

t

��

=
1

p(1 � p)

X

σ,τ2f0,1g n�1

�
h

�
! σ

! τ
t
�

� h
�

! σ

! τ

1

t

��
; (C.40)

takes a definite sign on p 2 (1=2; 1] by showing that h(u) := u g0(u) is monotone on u 2 (0; 1).
Since ω�

ω�
> 0 and t � 1, we have

! σ

! τ
t �

! σ

! τ

1

t
;

so if h is increasing, then each bracket term in (C.40) is nonnegative. By definition,

h(t) =
t2 � 1 � 2t log t

2(t � 1) 2 ; (C.41)
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and its derivative is

h0(t) =
t + 1

(t � 1) 3

�
log t �

2(t � 1)
t + 1

�
=:

t + 1

(t � 1) 3 q(t): (C.42)

Now

q0(t) =
(t � 1) 2

t(t + 1) 2 � 0; q(1) = 0: (C.43)

Hence q(t) � 0 for 0 < t < 1 and q(t) � 0 for t > 1. Since q(t) has the same sign as (t � 1),
it follows that

h0(t) � 0 for all t > 0: (C.44)

Therefore h is increasing on (0; 1), and thus every bracket term in (C.40) is nonnegative

when p 2 (1=2; 1]. This shows that

@f3
@p

� 0 for p 2 (1=2; 1]: (C.45)

By the chain rule,
df 3

d� k
=

df 3

dpk
dpk
d� k

� 0 (C.46)

when � k 2 (0; �=4] as before.

Non-
at � spectrum

We define

f mn
3 (�) =

1

2d

X

ij

Pmn(� i; � j); Pmn(x; y) :=
x + y

2(� mx � � ny)
ln

� mx
� ny

; (C.47)

with Pmn(x; x) understood by continuous extension. Fix (m; n) and set 
 mn := � n=� m. Since

Pmn(cx; cy) = Pmn(x; y) for all c > 0, it depends only on the ratio t := x
y > 0.

Define the associated one-variable function

gmn(t) :=
t + 1

2(t � 
 mn)
ln

� t

 mn

�
; t > 0; g mn(
 mn) :=


 mn + 1

2
 mn
; (C.48)

so that

Pmn(x; y) =
1

� m
gmn

� x
y

�
; f mn

3 (�) =
1

2d � m

X

i,j

gmn
� � i

� j

�
: (C.49)

Fix an index k and vary p := pk 2 [1=2; 1), holding all other pℓ fixed. As in the flat-

spectrum case, the spectrum can be written as

f w σp; wσ(1 � p) g σ2f0,1g n�1 ;

where wσ > 0 depends only on fp ℓgℓ6=k. For each ordered pair (�; �) define the ratio

nστ := w�
w�

> 0: Then the contribution of the four ratios formed by fw σp; wσ(1 � p)g against

fw τp; wτ (1 � p)g can be packaged into the two-level quantity

Qmn
n (p) :=

X

a,b2f0,1g

gmn
�

n
qa
qb

�
; (q0 = p; q1 = 1 � p); (C.50)
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and hence

f mn
3 (p) =

1

2d � m

X

σ,τ

Qmn
n�� (p): (C.51)

Expanding (C.50) gives

Qmn
n (p) = 2gmn(n) + gmn

�
n

p
1 � p

�
+ gmn

�
n
1 � p

p

�
: (C.52)

The first term is independent of p, so it suffices to control the last two terms. Let

t :=
p

1 � p
� 1 for p 2

h1
2

; 1
�

; so that
dt
dp

=
t

p(1 � p)
: (C.53)

Differentiating (C.52) using (C.53) yields

d
dp

Qmn
n (p) =

t
p(1 � p)

�
n (gmn)0(nt) � n t �2 (gmn)0(n=t)

�

=
1

p(1 � p)
[hmn(nt) � h mn(n=t)] ; (C.54)

where we define

hmn(x) := x (gmn)0(x): (C.55)

Thus d
dpQmn

n (p) has a definite sign on p 2 [1=2; 1) once we know that hmn is monotone

increasing on (0; 1), since t � 1 implies nt � n=t.
A direct computation gives

(hmn)0(x) =
1 + 
 mn

2(
 mn)2
(u + 1) ln u � 2(u � 1)

(u � 1) 3 : (C.56)

where we defined u := x=
 mn > 0. Define q(u) := lnu � 2(u�1)
u+1 . One checks

q0(u) =
(u � 1) 2

u(u + 1)2 � 0; q(1) = 0;

so q(u) � 0 for 0 < u < 1 and q(u) � 0 for u > 1. Since (u + 1) ln u � 2(u � 1) = (u + 1)q(u)
has the same sign as (u � 1), the fraction in (C.56) is nonnegative for all u > 0. Hence

(hmn)0(x) � 0 for all x > 0; (C.57)

so hmn is increasing on (0; 1). Therefore, for p 2 [1=2; 1) we have t � 1 and thus nt � n=t,
implying from (C.54) that

d
dp

Qmn
n (p) � 0:

Summing over (�; �) preserves monotonicity, and (C.51) gives

d
dp

f mn
3 (p) � 0; p 2

h1
2

; 1
�

: (C.58)

Finally, with pk = cos2 � k and � k 2 (0; �=4], we have dpk
dθk

= � sin(2� k) � 0, and thus

df mn
3

d� k
=

df mn
3

dpk
dpk
d� k

� 0;

as claimed.
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D Trace diagram dictionary

D.1 W, R diagrams for mixed case

Table 1: Trace diagram key for W i and R i for the mixed

bulk case. The first, second, and third legs (from outermost

to innermost) represent the Hilbert spaces HA1 , HA2 , and

H �A, respectively. If a reference leg is present, it is denoted

r and corresponds to the Hilbert space H r. In that case,

the ordering becomes H r, HA1 , HA2 , H �A from outermost to

innermost.

Label Trace diagram

W1

W2

W3

W4

W5

W6
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Label Trace diagram

W7

W8

R 1(s; � i)

R 2(s; � i)

R 3(s; � i)

R 4(� i)

R 5(� i)

R 6(� i)

R 7(s; � i)
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Label Trace diagram

R 8(� i)

R 9(� i)

D.2 fW , eR diagrams for pure case

Table 2: Trace diagram key for fWi for the pure bulk case.

The first, second, third, and fourth legs (from outermost to

innermost) represent the Hilbert spaces HA1 , HA2 , H �A, and

H �A1
, respectively.

Label Trace diagram

fW1

fW2

fW3

fW4

fW5
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Label Trace diagram

fW6

fW7

fW8

fW9

fW10

fW11

fW12

fW13
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Label Trace diagram

fW14

fW15

fW16

eR 1

eR 2

eR 3

eR 4

eR 5
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Label Trace diagram

eR 6

E Technical details

E.1 Perturbative expansion of the entropy

We are interested in the perturbative expansion of the entropy functional

S(A(�)) := �Tr(A(�) logA(�)) (E.1)

about � = 0. A key technical input is an explicit expression for the �-derivative of the operator
logarithm in terms of resolvents. Before turning to the entropy expansion, we therefore recall

(and for completeness derive) the standard resolvent representation for d
dϵ logA(�).

Lemma E.1. For any differentiable family of positive operators A(�), the derivative of the

logarithm admits the resolvent representation

d
d�

logA(�) =
Z 1

0
ds [A(�) + sI] �1 dA(�)

d�
[A(�) + sI] �1 ; (E.2)

which follows from functional calculus and holds without any commutativity assumptions.

Proof. The following proof follows standard arguments based on functional calculus and re-

solvent identities (see, e.g., [51]). We include it here for completeness. We start from the

standard integral identity for positive operators,

ln(A + B) � lnA =

Z 1

0
du

h
(A + uI) �1 � (A + B + uI) �1

i
: (E.3)

Let A(t) > 0 be a differentiable family. By definition of the derivative,

d
dt

lnA(t) = lim
h!0

lnA(t + h) � lnA(t)
h

: (E.4)

Using the first-order expansion A(t + h) = A(t) + h Ȧ(t) + O(h 2) and setting A := A(t),
B := hȦ(t) in (E.3), we obtain

d
dt

lnA(t) = lim
h!0

1

h

Z 1

0
du

h
(A + uI) �1 � (A + h Ȧ(t) + uI) �1

i
: (E.5)

For infinitesimal h, we expand the resolvent as follows:

(A + hȦ + uI) �1 =
h
(A + uI)(I + h(A + uI) �1 Ȧ)

i �1
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= (I + h(A + uI) �1 Ȧ) �1 (A + uI) �1

=
�

I � h(A + uI) �1 Ȧ + O(h2)
�
(A + uI) �1

= (A + uI) �1 � h(A + uI) �1 Ȧ (A + uI) �1 + O(h2); (E.6)

where Ȧ := dA=dt. Substituting (E.6) into (E.5) and taking the limit h ! 0 yields the

resolvent representation for the derivative of the logarithm:

d
dt

lnA(t) =
Z 1

0
du (A(t) + uI) �1 Ȧ(t) (A(t) + uI) �1 : (E.7)

Since A(�) > 0 for � in a neighborhood of 0, the entropy admits the Taylor expansion

S(A(�)) = S(A(0)) + �
d
d�

S(A(�))
����
ϵ=0

+
� 2

2

d2

d� 2 S(A(�))
����
ϵ=0

+ O(� 3): (E.8)

We now specialize to the perturbative ansatz

A(�) = A (0) + �A (1) + � 2A (2) + O(� 3); (E.9)

with A (0) > 0. Using (E.7), the entropy admits the expansion

S(A(�)) = �Tr
h
A (0) logA (0)

i
� � Tr

�
A (1) logA (0) + A (0) D ln(A (0) )

h
A (1)

i�

� � 2 Tr
�

A (2) logA (0) + A (1) D ln(A (0) )
h
A (1)

i
+ A (0) D ln(A (0) )

h
A (2)

i�

+ O(� 3):

(E.10)

Here D ln (A) and D 2
ln (A) denote the first and second Fréchet derivatives of the matrix

logarithm, which admit the standard resolvent representations

D ln (A)[X] =

Z 1

0
(A + sI) �1 X (A + sI) �1 ds;

D 2
ln (A)[X; Y ] =

Z 1

0
(A + sI) �1 X (A + sI) �1 Y (A + sI) �1 ds:

(E.11)

We have also used the identity in Eq. (E.13) to obtain Eq. (E.10). All traces in (E.10)

are well defined provided the integrands are trace class, which is automatically satisfied in

finite-dimensional settings.

E.2 Identity relating D ln and D 2
ln

Lemma E.2. Let A > 0 be an invertible matrix and let B be any matrix of the same dimen-

sion. Then

Tr
�
A D 2

ln (A)[B; B]
�
=

1

2
Tr(B D ln (A)[B]) : (E.12)
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Proof. Using the resolvent representations Eq. (E.11), Eq. (E.12) reduces to the resolvent

trace identity

Tr

�
A

Z 1

0

1

A + sI
B

1

A + sI
B

1

A + sI
ds

�
= Tr

� Z 1

0

1

A + sI
B

1

A + sI
B ds

�
: (E.13)

Now, we also have

Tr

Z 1

0

s
(A + sI) 2 B

1

A + sI
B ds = �Tr

Z 1

0
s

d
ds

�
1

A + sI

�
B

1

A + sI
B ds

= �Tr
�

s
1

A + sI
B

1

A + sI
B

����
s=1

s=0

�

� Tr
Z 1

0

s
(A + sI) 2 B

1

A + sI
B ds

+Tr

Z 1

0

1

A + sI
B

1

A + sI
B ds:

(E.14)

The boundary term vanishes: as s ! 0 the prefactor s kills the expression since A > 0 implies

(A+ sI) �1 bounded, and as s ! 1 we have (A+ sI) �1 = O(1=s) so the traced expression is

O(1=s) ! 0. Therefore (E.14) implies

2 Tr

Z 1

0

s
(A + sI) 2 B

1

A + sI
B ds = Tr

Z 1

0

1

A + sI
B

1

A + sI
B ds: (E.15)

Now,

Tr

�
A

Z 1

0

1

A + sI
B

1

A + sI
B

1

A + sI
ds

�
= Tr

Z 1

0

A
(A + sI) 2 B

1

A + sI
B ds

= Tr

Z 1

0

1

A + sI
B

1

A + sI
B ds � Tr

Z 1

0

s
(A + sI) 2 B

1

A + sI
B ds

= Tr

Z 1

0

1

A + sI
B

1

A + sI
B ds �

1

2
Tr

Z 1

0

1

A + sI
B

1

A + sI
B ds

=
1

2
Tr

Z 1

0

1

A + sI
B

1

A + sI
B ds;

(E.16)

This proves (E.13), and hence (E.12).

E.3 Diagrammatic Representation and Haar Integration

We adopt a diagrammatic convention for representing operators, states, and unitaries. Each

object in the computation is represented by a labeled box, with lines (or “legs”) denoting

the Hilbert spaces on which the object acts. The legs entering or exiting a box correspond

to input and output indices of the operator, respectively. Connecting two legs represents a

tensor contraction (i.e., a summation over the shared index), or equivalently, a partial trace

over the associated Hilbert space.

For example, consider the product of three operators A, B, and C acting on the same

space. In the diagrammatic notation, this corresponds to placing three boxes sequentially
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and connecting the output leg of A to the input leg of B, and the output of B to the input

of C. The resulting chain of connections encodes the matrix multiplication ABC.

If we take the trace of this product, Tr(ABC), we close the remaining open legs by connecting

the output leg of C back to the input leg of A, forming a single closed loop.

This loop represents the summation over all contracted indices in the trace. We adopt the

following diagrammatic conventions (used throughout).

Diagram Conventions

ˆ Every closed loop in a diagram corresponds to a trace, and every open leg represents a

free index.

ˆ Each operator or state is represented by a rectangular box labeled by its symbol (e.g.,

WR, O, M), with input and output legs corresponding to its domain and codomain.

ˆ A unitary U is represented by a black filled dot followed by a black open circle, while

its adjoint Uy is represented by the reverse ordering in red (red open circle followed by

a red filled dot). If multiple unitaries appear (e.g., U and V ), we label them explicitly

by writing the corresponding symbol (U , V , etc.) above the associated dot–circle pair.

ˆ The first, second, and third legs (from outermost to innermost) correspond to the Hilbert

spaces HA1 , HA2 , and H �A, respectively. If a fourth leg is present, the ordering is taken

to be HA1 ; HA2 ; H �A2
; H �A1

.

ˆ Any extra legs that are not acted on by W R, but only attach to external states or

operators, are treated as reference systems in H r and are labeled by r.

ˆ A dotted segment is not a separate wire. It is the same wire as the adjoining solid

segment, drawn dotted only over the portion where the wire crosses an operator box

without attaching to it. In that region the wire simply passes by the operator, so none

of its indices contract with the operator. After the box, the line becomes solid again to

emphasize that the wire is continuing unchanged.

ˆ When averaging over random unitaries, red dashed lines connect each unitary to its

corresponding adjoint (e.g., U to Uy). These dashed connections represent the index

contractions produced by the Haar integral.

Two complete example diagrams illustrating these conventions is shown below:
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Example 1

Tr

"

Tr �A

�
WRUA1 � (0)

A1
� A2 �A

�
ΓA1 Uy

A1
T r �A

�
WRUA1 � (0)

A1
� A2 �A

�
ΓA1 Uy

A1

#

�

Example 2

Tr

"

TrA1 �A1

�
WRUA1 V �A1

� A2 �A2
� (0)
A1 �A2

V y
�A1

�
ΓA1 Uy

A1
TrA1 �A1

�
WRUA1 V �A1

� A2 �A2
� (0)
A1 �A2

V y
�A1

�
ΓA1 Uy

A1

#

�

E.3.1 Weingarten Calculus

To evaluate averages involving random unitaries, we use the Weingarten calculus, a method

for computing polynomial integrals over the unitary group with respect to the Haar measure.

For a unitary matrix U 2 U(d), the expectation of a product of n matrix elements and their

conjugates can be expressed in terms of permutations in the symmetric group Sn:



Ua1b1 � � � Uan bn U �

α1β1
� � � U �

αn βn

�
U
=

X

σ,τ2S n

� a1α�(1) � � � � an α�(n) � b1β� (1) � � � � bn β� (n) Wg(� �1 �; d);

where Wg(�; d) is the Weingarten function, which depends on the permutation � 2 S n and

the dimension d. For n = 2, corresponding to the second moment, S2 has two elements: the

identity e and the transposition (12). Their Weingarten values are

Wg(e; d) =
1

d2 � 1
; Wg((12); d) = �

1

d(d2 � 1)
: (E.17)

Substituting these into the general formula gives



Ua1b1 Ua2b2 U �

α1β1
U �
α2β2

�
= Wg(e; d)(�a1α1 � a2α2 � b1β1 � b2β2 + � a1α2 � a2α1 � b1β2 � b2β1 )

+Wg((12); d)(� a1α2 � a2α1 � b1β1 � b2β2 + � a1α1 � a2α2 � b1β2 � b2β1 ):
(E.18)
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E.3.2 Diagrammatic Haar Averaging Rules

The diagrammatic procedure for performing a Haar average follows these steps [52]:

1. Connect each black dot of a given unitary U(ℓ) to the corresponding red dot of its adjoint

(U(ℓ) )y with a red dashed line, and likewise connect each black circle to the corresponding

red circle. These red dashed lines represent the index contractions produced by the Haar

average. Contractions only pair a unitary with its own adjoint (i.e., U(ℓ) contracts only

with (U(ℓ) )y, never with (U(m) )y for ‘ 6= m). In the present diagram there are four

occurrences of the unitary/adjoint pair, yielding four admissible contraction patterns.

2. Every closed loop composed of alternating solid lines and dotted lines is called a T-

cycle. Each T-cycle corresponds to a trace over the sequence of matrices encountered

along that loop. If a solid line is traversed in the direction opposite to its arrow, the

corresponding operator appears transposed within the trace.

3. Every closed loop composed of alternating gaps and dotted lines is called a U-cycle.

The length ck of a U-cycle is defined as half the number of gap segments it contains.

The complete diagram gives rise to a collection of U-cycles, which together determine

a coefficient Sc1 ,...,ck representing the weight of that particular diagram.

4. The coefficient Sc1 ,...,ck can be factorized into cumulants. For the present case with four

unitaries in the diagram, only two configurations arise: two U-cycles of length 1 each,

contributing a weight

S1,1 =
1

d2 � 1
;

and a single U-cycle of length 2, contributing a weight

S2 = �
1

d(d2 � 1)
;

where d is the dimension of the Hilbert space on which U 2 SU(d) acts. In our case,

d = 2. The Haar average is obtained by summing all diagrams with their respective

weights.

5. Explicitly, the contraction identity used in the averaging procedure is


Ua1b1 Ua2b2 U �

α1β1
U �
α2β2

�
= V1,1 � a1α1 � b1β1 � a2α2 � b2β2 + V2 � a1α2 � b1β1 � a2α1 � b2β2

+ V2 � a1α1 � b1β2 � a2α2 � b2β1 + V1,1 � a1α2 � b1β2 � a2α1 � b2β1 :
(E.19)

Each term in this expression corresponds to one of the admissible contraction patterns

between U and Uy in the diagrammatic expansion.

6. If the diagram contains several independent Haar-random unitaries U(1) ; U(2) ; : : :, the
Haar measure factorizes,

D
� � �

E
=

Z
dU(1)

Z
dU(2) � � � (� � �);

– 88 –



so the averaging can be performed separately for each unitary label. Equivalently, red

dashed contractions only pair U(ℓ) with (U(ℓ) )y; there are no admissible contractions that

connect U(ℓ) to (U(m) )y for ‘ 6= m. The weight of a full contraction pattern therefore

factorizes as a product of the weights obtained from each unitary’s contraction pattern.

Example:

The trace equation of the above diagram is:

Tr

"

Tr �A

�
WRUA1 � (0)

A1
� A2 �A

�
ΓA1 Uy

A1
T r �A

�
WRUA1 � (0)

A1
� A2 �A

�
ΓA1 Uy

A1

#

Integration over U yields the 4 possible contractions:
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After performing the Haar integral over UA1 , the expression reduces to a sum of contraction

diagrams, each weighted by its corresponding Haar coefficient:

1

d2 � 1
+

1

d2 � 1
�

1

d(d2 � 1)
�

1

d(d2 � 1)

which can also be written as a trace equation:

1

d2 � 1

"

Tr
�
ΓA1 � (0)

A1

� 2
Tr

h
Tr �A

�
WR� A2 �A

� 2i
+Tr

h�
ΓA1 � (0)

A1

� 2i
Tr

h
TrA1 �A

�
WR� A2 �A

� 2i

�
1

d
Tr

�
ΓA1 � (0)

A1

� 2
TrA1 �A

�
WR� A2 �A

� 2i
�

1

d
Tr

h�
ΓA1 � (0)

A1

� 2i
Tr

h
Tr �A

�
WR� A2 �A

� 2i #

(E.20)

For our calculations, we explicitly performed all computations using the RTNI package [53],

available at https://github.com/MotohisaFukuda/RTNI.

F Matter-geometry entanglement is needed for gravity

One can see why states in (2.6) are needed from the perspective of perturbative quantum

gravity. Suppose a matter field � is coupled to gravitons h µν on a fixed background gµν .
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For any coherent state of the matter, we can work in semi-classical gravity and obtain the

solution for the metric perturbation, which can be written as some coherent state of gravitons.

Let’s denote such states as j� iijh ii for each solution of the linearized Einstein’s equation

where j� ii; jh ii denote the states of the matter field and gravitons respectively, and i is

an abstract index that labels the different solutions with energy below some cutoff so that

linearized gravity remains valid. These states, which are generally overcomplete, span a low

energy subspace HL = spanfj� iijh iig of the effective field theory. Suppose a background

geometry gµν emerges from the entanglement structure of a code C �= HL with subsystem

complementary recovery, the logical degrees of freedom are now used to simulate a theory of

the matter field coupled to gravitons on a fixed background gµν . Even though the Hilbert

space of a gauge theory is not factorizable due to non-trivial gauge constraints imposed by

perturbative quantum gravity, it is embedable as a subspace of a factorizable Hilbert space

by including the edge modes8.

As the code supports subsystem complementary recovery on its logical qubits, we can

write the encoded state by starting with the logical state, a shared entangled resource j�i,
and unitaries UA 
 U �A such that

j  ̃i = U A 
 U �A

� X

i

cij� iijh iij�i
�

: (F.1)

Instead of treating both j� ii; jh ii as matter fields, we can now absorb jh ii into the space-

time degrees of freedom, i.e., jhiij�i ! j� ii. Hence, we recover codewords of the form in eqn

(2.6) and such a codeword then permits entanglement between matter and geometry, as it

should be due to gravity. The above re-identification can be understood as defining a new

code which encode spanfj� iig into a smaller isomorphic subspace C0 such that C0 � C � H.

This corresponds to code concatenation where matter field � is first encoded in the combined

(kinematical) Hilbert space C of � coupled to gravitons (outer code), which is then encoded

in a subsystem code satisfying complementary recovery (inner code). .

One can also relate such code concatenation with a heuristic picture of renormalization

group, where the flow from UV to IR corresponds to the sequence of Hilbert spaces H ! C !
C0 as we progressively “integrate out” the UV degrees of freedom associated with the higher

energy physics from which the background spacetime geometry and the graviton degrees of

freedom emerges. For this reason, [16] also identifies entropy S(�) with the UV/spacetime

degrees of freedom whereas S(� a) with that of the IR/matter field degrees of freedom.

8 In quantum reference frame language, we take HL to be isomorphic to the kinematic Hilbert space of
the gauge theory coupled to matter. When the gauge constraints are imposed, the theory lives in a gauge
invariant, or physical subspace. However, to avoid confusing \physical" Hilbert space in QRF with that in
QEC, we will work directly with the kinematic Hilbert space. More precisely, if we think of j� i ijh i i as states
spanning the physical gauge invariant subspace, then we need to �rst embed this space into HL of a subsystem
code that satis�es complementary recovery.
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G Monotonic RT Lengths in AdS 3 with Backreaction

Here we provide an explicit example where the area of the (classical) extremal surface does

increase with bulk entropy in the presence of gravity. We construct a static, circularly sym-

metric solution of the Einstein equations in 2 + 1 dimensions with negative cosmological

constant sourced by a static anisotropic fluid [54–56], then compute the length of the Ryu–

Takayanagi (RT) geodesic anchored on a boundary interval. We work in Schwarzschild-like

coordinates (t; r; �) and assume a static, rotationally symmetric metric of the form

ds2 = �A(r) 2 dt2 + B(r) 2 dr2 + r 2 d� 2; (G.1)

We now consider the two-parameter family

A(r) 2 = 1 + �r 2; B(r) 2 =
1

1 + �r 2 ; (G.2)

with constants � > 0 and �. The matter sector is taken to be an anisotropic fluid with

energy density �(r), radial pressure p r(r), and tangential pressure pθ(r). In the coordinate

basis (t; r; �), the stress-energy tensor is

Tµν = (� + p θ) uµuν + pθ gµν + (pr � p θ) � µ� ν ; (G.3)

where uµ is the fluid velocity, normalized by uµuµ = �1, and � µ is a unit spacelike vector

in the radial direction, satisfying � µ� µ = 1 and uµ� µ = 0. The fluid velocity and the unit

spacelike vector in the radial direction are

uµ =

�
1

A(r)
; 0; 0

�
; uµ = (�A(r); 0; 0); � µ =

�
0;

1

B(r)
; 0

�
; � µ = (0; B(r); 0):

Hence, the nonzero components of the stress-energy tensor are

Ttt = �(r)A(r) 2; Trr = pr(r)B(r) 2; Tθθ = pθ(r) r 2: (G.4)

The Einstein equations with cosmological constant are

Gµν + Λgµν = �T µν ; (G.5)

where � = 8�G 3 is the three-dimensional gravitational coupling. Substituting the metric

ansatz and the anisotropic stress tensor into the Einstein equations, we obtain three indepen-

dent equations:

B 0(r)
r B(r) 3 � Λ = � �(r); (G.6)

A0(r)
r A(r)

+ ΛB(r) 2 = � p r(r)B(r) 2; (G.7)

B(r)A 00(r) � A 0(r)B 0(r)
A(r)B(r) 3 + Λ = � p θ(r): (G.8)
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Solving these equations give:

�(r) = � �
� (� + Λ)

�
; (G.9)

pr(r) =
1

�

�
Λ +

�(1 + �r 2)

1 + �r 2

�
; (G.10)

pθ(r) =
1

�

�
Λ +

�(1 + 2�r 2 + ��r 4)

(1 + �r 2)2

�
: (G.11)

Thus the metric is supported by an anisotropic fluid with constant energy density �. The
vacuum AdS3 limit is recovered by setting � = p r = pθ = 0, which implies � = � = �Λ. The
density is positive provided �Λ > � > 0. Moreover, the source is genuinely anisotropic unless

� = �. In the special case � = �, one finds

pr(r) = pθ(r) =
Λ + �

�
= ��; (G.12)

so the stress tensor becomes isotropic and behaves like a vacuum-energy source rather than a

generic matter fluid. In what follows, we therefore restrict to the anisotropic branch � 6= �.
The conservation equation r µTµν = 0 reduces to

p0
r(r) + (� + p r)

A0(r)
A(r)

+
pr � p θ

r
= 0; (G.13)

and one verifies by direct substitution of (G.9)–(G.11) that it is satisfied identically.

For subsequent computations, it is convenient to rewrite the radial coefficient in terms of

�(�) � �(Λ + ��); (G.14)

Throughout, we restrict to this range so that �(�) > 0 and the geometry remains AdS-like

rather than transitioning to a different asymptotic spacetime. Hence on a constant time slice

the induced spatial metric is

dl2 � ds 2jdt=0 = B(r) 2 dr2 + r 2 d� 2 =
dr2

1 + �r 2 + r 2 d� 2: (G.15)

A spacelike curve anchored on the boundary interval can be written as r(�), and its length

is

L[r(�)] =
Z

d� L geo(r; r 0); L geo(r; r 0) =

s
r 02

1 + �r 2 + r 2; (G.16)

where

r 0 �
dr
d�

: (G.17)

We view � as the “time” variable for this one-dimensional mechanical problem. The La-

grangian L geo depends on r and r 0, but not explicitly on �, so there is a conserved Hamiltonian

(energy)

H = �
r 2

L geo
: (G.18)
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To identify this constant, we use the turning point. We consider a geodesic symmetric about

� = 0, with minimal radius r = r � at � = 0. At the turning point r = r � we have

L geo(r � ; 0) = r � ; H = �
r 2

�
L geo(r � ; 0)

= � r � : (G.19)

Now, Eq. (G.18) can be rewritten as the first-order constraint

L geo(r; r 0) =
r 2

r �
: (G.20)

This first-order Hamiltonian equation determines the geodesic profile r(�) and directly implies

d�
dr

=
1

r 0 =
r �

r
p
1 + �r 2

p
r 2 � r 2

�
; (G.21)

We consider a geodesic symmetric about � = 0, with endpoints at � = �∆�=2 on the bound-

ary. The half opening angle is

∆�
2

=

Z 1

r�

d�
dr

dr =
Z 1

r�

r � dr
r

p
1 + �r 2

p
r 2 � r 2

�
: (G.22)

This integral can be evaluated exactly. One finds

Z 1

r�

r � dr
r

p
1 + �r 2

p
r 2 � r 2

�
= tan�1

�
1

r �
p

�

�
; (G.23)

so that
∆�
2

= tan�1
�

1

r �
p

�

�
(G.24)

and hence

tan

�
∆�
2

�
=

1

r �
p

�
=) r � (∆�; �) =

1
p

� tan(∆�=2)
: (G.25)

The Hamiltonian relation Eq. (G.20), allows us to compute the RT length directly:

L RT =

Z �θ/2

��θ/2
L geod� = 2

Z �θ/2

0

r(�) 2

r �
d� = 2

Z rmax

r�

r dr
p
1 + �r 2

p
r 2 � r 2

�
: (G.26)

This integral can be evaluated in closed form. The result is

L RT (r � ; rmax ; �) =
2

p
�

sinh�1

 p
�

p
r 2

max � r 2
�p

1 + �r 2
�

!

: (G.27)

Now, we fix the boundary interval ∆� and the UV cutoff r max and ask how L RT changes as

we vary �. In the UV regime r max � r � , we may approximate

p
r 2

max � r 2
� ’ r max ; (G.28)
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Substituting r � , the RT length reduces to

L RT (�) ’
2

p
�

sinh�1 (C
p

�); C � r max sin(∆�=2) > 0: (G.29)

To study the �–dependence, it is enough to analyze @LRT =@� for the approximate expression

(G.29).

Defining X � C
p

� � 0, a short calculation gives

@LRT

@�
= � �3/2

�
X

p
1 + X 2

� sinh �1 X
�

: (G.30)

Since � > 0, the sign is controlled by the bracket. Consider

F(X ) � sinh �1 X �
X

p
1 + X 2

(G.31)

We have F(0) = 0, and

F 0(X ) =
1

p
1 + X 2

�
1

(1 + X 2)3/2 =
X 2

(1 + X 2)3/2 � 0; (G.32)

so F is monotonically increasing and

sinh�1 X �
X

p
1 + X 2

for all X � 0: (G.33)

It follows that
@LRT

@�
� 0: (G.34)

Finally, since

�(�) = �(Λ + ��);
d�
d�

= �� < 0; (G.35)

we have
dLRT

d�
=

@LRT

@�
d�
d�

= ��
@LRT

@�
� 0: (G.36)

Thus, at fixed opening angle ∆� and in the UV limit r max � r � , the RT geodesic length L RT

is a monotonically increasing function of �.
It then follows from the first law of thermodynamics [57, 58] that we can rewrite the

(comoving) entropy density in terms of the energy density and pressure contributions. For

simplicity, we restrict ourselves to a family of the static solutions such that the anisotropic

pressure profile is fixed when � is varied. This then yields that @s=@� = 1=T . Therefore, the

spacelike geodesic length increases as a function of (thermal) entropy.
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