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The minimal ingredients to describe a quantum system are a Hamiltonian, an initial state, and
a preferred tensor product structure that encodes a decomposition into subsystems. We explore a
top-down approach in which the subsystems emerge from the spectrum of the whole system. This
approach has been referred to as quantum mereology. First we show that decomposing a system
into subsystems is equivalent to decomposing a spectrum into other spectra. Then we argue that
the number of subsystems (the volume of the system) can be inferred from the spectrum itself. In
local models, this information is encoded in finite size corrections to the Gaussian density of states.

INTRODUCTION

The idea of the atom emerged when Dem-
ocritus asked: Can one cut a physical object
into two parts indefinitely? It came from a top-
down approach. Most of modern physics is now
based on the opposite reductionist bottom-up
approach: the existence of particles is presup-
posed as an axiom of the theory and the macro-
scopic objects emerge from the interactions be-
tween particles.

In this paper, we explore the top-down ap-
proach, proposing that particles emerge from
a holistic description of the world, rather than
building the world out of subsystems.

Consider an extremist point of view where
the world is reducible to a finite-dimensional
quantum mechanical system [1–3]. Then the
world is fully characterized by two objects: its
Hamiltonian H and its initial state ψ0. In the
eigenenergy basis, these two objects can be ex-
pressed as two sets of numbers: En the eigen-
values ofH and cn the entries of ψ0 in the eigen-
basis of H. Since quantum mechanics is inde-
pendent of the choice of basis, one could con-
sider these two sets of numbers to be the most
fundamental pieces of information that describe
the world. However, to identify this represen-
tation with our empirical experience, we need
to introduce an additional structure [4]. This
structure can take the form of a preferred set

of observables or a preferred basis that encodes
a particular tensor structure. This particular
tensor structure yields a decomposition of the
Hilbert space into subsystems. For example,
when one writes a quantum Hamiltonian, e.g
H =

∑
i ZiZi+1 +

∑
iXi one writes it in a pre-

ferred basis encoding a preferred tensor struc-
ture that is induced by the observables we are
interested in measuring, (e.g a decomposition
into spins) [5].

Now, if we convinced ourselves that the spec-
trum and initial state are the most fundamen-
tal objects, we need to suggest a mechanism
that explains the emergence of preferred tensor
structures, i.e., explain why we see the world
as a set of hierarchically organized subsystems.
This approach is referred to as quantum mereol-
ogy and has gathered recent interest [1–3, 6–10].

Previous literature focuses mainly on decom-
posing the Hilbert space into a system and an
environment. The idea that a preferred parti-
tioning can emerge from information-theoretic
considerations has recently been proposed by
Zanardi et al. [11]. In ref [2], Carroll and
Singh propose a procedure to decompose the
Hibert space into a system and an environment
with semiclassical pointer observable a la Zurek
[12, 13].

In a previous paper, we showed that random
matrix spectra can be reproduced by 2-local
Hamiltonians with exponential precision in sys-
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2N  energy levels 2N/2 + 2N/2  energy levels

FIG. 1. A generic Hamiltonian H comprises many
body and all to all interactions between N particles.
After partitioning via a unitary U , the Hamiltonian
UHU† is represented in a new basis such that it con-
sists in two sectors HA and HB each representing
interactions between a subset of N/2 particles.

tem size [14]. In doing so, we showed how a pre-
ferred tensor structure can emerge solely from
a spectrum. We also showed that these 2-local
solutions are not fine-tuned in the sense that
they are stable under perturbations of the cou-
plings of the 2-local Hamiltonian. In fact, the
irrelevance of a large class of perturbations al-
lowed us to further reduce the number of cou-
pling constants in the Hamiltonian, giving rise
to a notion of geometric locality. In this paper,
we focus on the notion of subsystems instead of
locality.
First, we show that the decomposition into

subsystems can be extracted from the spectrum.
Then we detail a procedure to count the number
of elementary subsystems from spectral proper-
ties. Finally we show how this can be used in
practice to numerically find partitions that min-
imize entanglement growth.

PARTITIONING THE SPECTRUM

The most basic mereology problem is parti-
tioning: Given a quantum system, what is the
best partition into weakly interacting subsys-
tems? In this section we show that this problem
can be solved in the energy eigenbasis alone, i.e.
the question reduces to decomposing the spec-
trum of the initial system.

Starting with a generic Hamiltonian H of di-
mensionD = 2N , we want to find a tensor prod-
uct structure that partitions H into two weakly
interacting sectors A and B. This corresponds
to finding a unitary U and two Hamiltonians
HA and HB of dimension

√
D = 2

N
2 such that

UHU† = HA ⊗ 1B + 1A ⊗HB ≡ H ′. (1)

Note that if this could be solved exactly, then
H ′ and H would have the same spectrum. Thus
we want to find HA and HB such that

V (HA ⊗ 1B + 1A ⊗HB)V
† = E + ϵ (2)

where V diagonalizes H ′ = HA⊗1B+1A⊗HB ,
E is the spectrum of the initial H and ϵ is a
diagonal error to be minimized. Note that V
can be decomposed as V = VA ⊗ VB where VA
diagonalizes HA and VB diagonalizes HB .
Therefore, our problem is equivalent to find-

ing two diagonal sets of energies EA and EB

such that

EA ⊗ 1B + 1A ⊗ EB = E + ϵ. (3)

We can consequently work in the particular case
where H is already diagonal.

Composition and convolution of the DOS

This can be simply rephrased in terms of
density of states (DOS) or its generating func-
tion. The condition that Eij = Ai + Bj can
be written in terms of generating functions: if
ZA =

∑
j e

−itAj , ZB =
∑

j e
−itBj and Z =∑

jk e
−itEjk then Z = ZAZB . The DOS is

ρ(E) =
∫
e−iEtZ(t)dt is the convolution of ρA

and ρB . Therefore, the partitioning problem
is equivalent to finding two DOS ρA(E) and
ρB(E) such that their convolution (ρA ∗ρB)(E)
is the DOS of the system to be partitioned.

Gaussian density of states and central limit
theorem

Now using the central limit theorem, we can
see that the composition of many generic sys-
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tems will tend to have a Gaussian DOS. Con-
versely, a Gaussian DOS can always be par-
titioned into two non-interacting systems with
Gaussian DOS.
This suggests that the information about

the subsystems is encoded in the perturba-
tions away from the Gaussian spectrum. If a
system has an exact Gaussian spectrum, then
there is no preferred decomposition into elemen-
tary subsystems: the system can be partitioned
into an infinite number of infinitely small non-
interacting subsystems.

SUBSYSTEMS FROM THE
PERTURBATIONS AWAY FROM THE

GAUSSIAN

In this section, we will show how the num-
ber of elementary subsystems can be inferred
just from the spectrum, or the density of states.
As suggested above, we will focus on the rela-
tion between subsystems and the perturbations
away from the Gaussian spectrum. Let’s first
prove that the DOS of a free model is Gaus-
sian in the large N limit. Such a model can be
written as

H =
∑
i

hiτi (4)

with commuting τ ’s : τiτj = δij1. The density
of states can be expressed as

ρ(E) =
1

2π

∫ ∞

−∞
e−iEtZ(H, t)dt, (5)

and the partition function Z(H, t) = Tr(eitH)
can be expanded in the moments µk(H) =
Tr(H)k:

Z(H, t) = Tr

∞∑
k=0

1

k!
(itH)k (6)

= 1 + itTrH − t2

2
TrH2 +

it3

3!
TrH3...

(7)

Therefore, the density of states is fully charac-
terized by the moments µk(H). Moreover, the

moments of the density of states are the mo-
ments of the Hamiltonian itself. Computing the
moments of the Hamiltonian is equivalent to a
counting problem. For example, computing

µ4 =
∑
ijkl

hihjhkhl Tr(τiτjτkτl) (8)

is equivalent to enumerating configurations
(i, j, k, l) so that Tr(τiτjτkτl) is non zero.

In general we have

µk =
∑
a

Tr

k∏
l=1

hal
τal

(9)

where a indexes all the possible contractions,
e.g in the case k = 4, a = (i, j, k, l).
In the case the τ ’s commute and the hi are

drawn from a random variable with mean 0 and
width ⟨h2⟩, then the moments are

µ2k ≈ (2k − 1)!!⟨h2⟩kMk2N (10)

which are the moments of the Gaussian distri-
bution [15, 16]. The term (2k− 1)!! comes from
counting chord diagrams that pair the τ ’s two
by two in the trace of eq. (9) such that the
trace is non zero. For 2k = 4 there are 3 chord
diagrams

(11)

corresponding to the terms Tr(τiτiτjτj),
Tr(τiτjτiτj) and Tr(τiτjτjτi). For 2k = 6 there
are 15 chord diagrams:

. (12)

In these chord diagrams, each vertex represents
the index of a τ and each line represent equality
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between indices. Each diagram represents a non
zero term in equation (9). Then for every chord
diagram, there are Mk terms in the sum where
M is the number of τ ’s.

Consequently, as expected, the density of
states of a free model is a Gaussian in the large
N limit. This is also true for other interact-
ing local models where the probability that two
random strings τi and τj commute converges to
one as the system size goes to infinity. In the
large N limit, the density of states of all geo-
metrically local models converges to a Gaussian.
All the relevant thermodynamic information is
therefore hidden in the perturbations away from
the Gaussian.
A simple way to study these perturbations is

to look at the difference between the moments of
a model and the moments of a Gaussian. First,
define the normalized moments

µN
2k =

µ2k

⟨h2⟩kMk2N
. (13)

such that they converge to the moments of the
Gaussian µgaussian

2k = (2k − 1)!! in the large N
limit. In other words, they are the moments of
ρ(E) if its width is fixed to 1.

The perturbations away from the Gaussian
can be written as ∆2k = |µN

2k − µgaussian
2k |. In

figure (2) we show this quantify for 2k ∈ [3, 6]
for a few local models. We observe that ∆4

decreases like 1
N . Let prove us this. In equa-

tion (10) we made an approximation by only
counting chords diagrams. Actually, each chord
diagram also includes the fully connected dia-
gram. In other words, the terms Tr(τiτiτjτj),
Tr(τiτjτiτj) and Tr(τiτjτjτi) include the term
Tr(τiτiτiτi). Therefore, Tr(τiτiτiτi) needs to be
subtracted twice from the fourth moment. A
better approximation to the fourth moment in
the case the τ ’s commute is

µ4 ≈ 3⟨h2⟩2M22N − 2⟨h2⟩2M2N (14)

where the first term comes from diagrams (11)
and the second term comes from subtracting the
fully connected diagram. The power of M in
the fully connected diagram is 1 because there
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full: classical ising (free)
dashed : XXX (NN) (integrable)
dotted : XXZ (NN + 0.5 NNN)  (chaotic)

slope: -1

slope: -1/2

k=3
k=4
k=5
k=6

FIG. 2. Perturbations of the moments away from
the Gaussian for a few 1D models. The full lines cor-
respond to the classical Ising model with no field.
The dashed lines are the XXX Heisenberg chain
with nearest neighbor interactions. The dotted lines
are the XXZ chain with next nearest neighbor inter-
actions. For the even moments, the perturbations
away from the gaussian decay like ∼ 1

N
.

is only one sum over i. Now we can see that a
better approximation to the fourth moment is:

µN
4 ≈ µgaussian

4 − 2

M
, (15)

meaning that the perturbation of the fourth mo-
ment away from the Gaussian decrease like 2

M .
In the case the model is geometrically local, the
numbers of τ operators scales like N and the
perturbation decreases like 1

N .
This is an important result for quantum

mereology because it suggests that one can read
the number of subsystems from the density of
states only. The procedure goes as follow : nor-
malize the density of states such that its second
moment is 1. Compute the fourth moment of
the density of states, take its inverse, this is the
volume in phase space occupied by the system
i.e the number of elementary particles that con-
stitute the system.

This suggests a more operational approach il-
lustrated in figure 3. Consider you are given a
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Local system in a box
1. Measure 

2. Infer 

4. Estimate the volume

3. Estimate the moments

FIG. 3. Inferring the number of subsystems in a box
by heating it. If one has access to E(T ) by heating
the system, then one can infer the density of states
ρ(E) and estimate the number of subsystems.

black box containing a complex system and you
need to count the number of subsystems with-
out opening the box. By heating the box, you
can measure E(T ), then compute the heat ca-
pacity C = ∂E

∂T . Moreover, we have C
T = ∂S

∂T
therefore can access S(T ) by integrating this
expression. Finally, because we know E(T ), we
can obtain the density of states ρ(E) = eS(E).
From there we can measure the first moments
and estimate the numbers of subsystems.

NUMERICAL APPLICATIONS

Numerical partitioning

In this section we present a few numerical re-
sults that illustrate the idea that subsystems
can be inferred from the spectrum itself. We
attempt to partition random matrices into two
weakly interacting sectors as illustrated in figure
(4). We first generate spectra from the Gaus-
sian Orthogonal Ensemble (GOE) [17–19]. As
suggested by equation (3), we can find a bipar-
tition by minimizing the cost:

C =
1

2N

∑
ij

(Eij − (Ai +Bj))
2
. (16)

1.0 0.5 0.0 0.5 1.0
E

0.0

0.2

0.4

0.6

(E
)

3.0 3.5
EA

0.0

0.5

1.0

1.5

2.0

A
(E

A
)

3.8 3.6 3.4 3.2 3.0
EB

0

1

2

3

4

B
(E

B
)

Partitioning

Composing

FIG. 4. Example of densities of states before and
after partitioning (single realization). The left plot
is the initial density of states ρ with GOE statis-
tics. The right plots show density of states ρA and
ρB after partitioning of ρ. Note that the convolu-
tion (ρA ∗ρB)(E) has to approximately yields ρ(E).
In order to recover the hard edges of the semicir-
cle distribution ρA and ρB need to develop peaked
edges.

In practice, we do gradient descend us-
ing the Broyden–Fletcher–Goldfarb–Shanno
(BFGS) method [20–24]. Note that at every
step, we need to sort the eigenvalues. The
method yields two spectra A and B and two
permutations S and T such that

S(E) = T (A⊕B) (17)

where ⊕ denotes the outer sum, S sorts E and
T sorts A⊕B.

In figure (5) we show the spectral norm

log2
max |Ei−Ei|
max |Ei| where E is the GOE spectrum

and E is the spectrum of the partitioned Hamil-
tonian. The spectral norm is a good indica-
tor of the convergence of the procedure since it
quantifies the worst possible difference between
the two spectra. In the GOE case, the spectral
norm decreases exponentially with system size.
This suggests that GOE matrices admit a natu-
ral partitioning into two very weakly interacting
sectors.
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FIG. 5. Spectral norm log2
max |Ei−Ei|

max |Ei|
versus sys-

tem size N where E is the spectrum of a N qubit
random GOE Hamiltonian and E is the spectrum of
the partitioned Hamiltonian (equation (1)). Each
data point is an average over 200 realizations and
the error-bars show the standard deviation. The er-
ror is exponentially small in system size, meaning
that large random matrices can be well partitioned
into two non interacting sectors.

Partitioning and slow entanglement growth

If a spectrum can be partitioned success-
fully, it implies the existence of weakly inter-
acting sectors that evolve independently over
time without sharing information. A parti-
tion can also be interpreted as a preferred ba-
sis in which the entanglement growth of prod-
uct states is slow. We quantify this by looking
at the entropy S(TrB |ψ(t)⟩⟨ψ(t)|) with ψ(t) =
e−itHp |ψ⟩A ⊗ |ψ⟩B where H ′ = UHU† is the
Hamiltonian in the partitioned basis and |ψ⟩A
and |ψ⟩B are random pure states. Note that
Hp is not HA ⊗ 1B + 1A ⊗ HB , it is H in the
basis that gives the best partition. In the case
that the partition is perfect and there is no rest,
then the entanglement entropy will be zero for
all time, of course.

In figure (6) we show that the entanglement
growth is ∼ 100 times slower after partitioning
than for a random partition.

100 102 104

t

10 9

10 7

10 5

10 3

10 1

101

S

random partition
partitioned

FIG. 6. Entanglement entropy growth of a product
state under GOE Hamiltonian evolution. The blue
line represent an arbitrary partition while the or-
ange line is shows the entanglement growth of the
partitioned Hamiltonian. Note that both Hamilto-
nians have the same spectrum only the choice of the
partitioning, i.e of the tensor structure differs.

DISCUSSION

We showed that quantum mereology can be
restricted to reasoning on the spectrum : de-
composing a quantum system into subsystems
is equivalent to finding spectra that compose in
a certain way.

The limiting case is the Gaussian density of
states: a Gaussian system can be partitioned
indefinitely. No preferred subsystems emerge
from a Gaussian distribution. In other words, a
Gaussian spectrum does not encode any partic-
ular tensor structure.

Starting from this remark, we showed that
information about the subsystems can be ex-
tracted from the spectrum by studying per-
turbations away from the Gaussian DOS. In
the case of geometrically local models, the per-
turbation of the fourth moment scales as 1

N .
This provides an important mereological tool
: counting the number of subsystems from the
spectrum can be done by estimating the first
moments of the density of states.

Finally, as a practical example of quantum
mereology, we developed a numerical procedure
to partition quantum systems and applied this
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procedure to random matrices.
Some more speculative ideas might arise from

our results. Coming back to the idea of Dem-
ocritus’s atom : What happens if one tries to
partition a quantum system again and again?
Is it possible to partition a system forever? Is
there a phenomenon that prevents us from par-
titioning a system indefinitely?
We argued that if the initial density of states

is not exactly Gaussian, then we can count a
finite number of elementary subsystems. This
suggests that a system cannot be partitioned
indefinitely. In this case, two different scales
might emerge :

• At large scale it is easy to partition a sys-
tem, systems are weakly interacting, ob-
servables supported on different subsys-
tems almost commute, the ground state
is localized and the physics of low ener-
gies and local observables can be well de-
scribed in the diagonal basis,

• After multiple levels of partitioning, we
reach a limit, subsystems cannot be par-
titioned anymore. This is where the
quantum version of Democritus’ atoms
emerges and non-commutativity becomes
relevant.

If recursive partitioning fails at some scale,
this is the scale at which the non-commuting
properties of quantum mechanics appear. At
the atom level, the best partitioning will be of
the form

H = HA ⊗ 1B + 1A ⊗HB +Hint (18)

where Hint is non negligible. Hint provides
us with non-commutativity and with another
smaller-scale preferred tensor structure. For ex-
ample, it may be convenient to consider the
change of basis U = UA ⊗ UB that conserves
the subsystems A and B but factor Hint into
UHintU

† = Hint,A⊗Hint,B+Hr where the rest
Hr is minimized.
Finally, we suggest that the emergence of

classicallity may be a tensor structure prob-
lem. A problem that consists in finding a tensor

Classical scale,
commuting local 
observables

Quantum scale,
non-commutativity 
matters

... ... ...

FIG. 7. Illustration of the recursive partitioning
procedure. At each step, DOS of the subsystems
can be approximated as the convolution of the DOS
of lower level subsystems. If there is a limit to the
partitioning depth, then two different scales emerge.

structure in which classical observables emerge
and in which macroscopic subsystems behave
classically. When a system is partitioned into
weakly interacting sectors, slow evolving local
quantities arise, e.g. the total energy of each
sector. Furthermore, any operator O that com-
mutes withHA the Hamiltonian of a subsystem,
almost commutes with the total Hamiltonian
H = HA⊗1B+1A⊗HB+Hint, the error is just
[O,Hint]. Finding slowly evolving local macro-
scopic quantities is crucial to understand the
emergence of classicallity from quantum many
body systems.
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